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EXTENDED MINIMUM- NUMBER THEOREMS or d 
CYCLIC AND SEXTACTIC POINTS ON A 
PLANE CONVEX OVAL - (m 


BY 
BS, MUEHOPADHAYA, 1020, Re 


- 1. Convex Are and Conver Oval. 


The points of a convex arc S can be arranged in a certain order - 
which we will call the positive order, with a first point A and a last — — 
point B, which are the lower and upper extremities of 8. No — | 
of S is repeated in the order and A is distinct from B. | 

The arc S is a continuous line and possesses the following. pro- 
perties : 


It P(1), P(2)........... Pin) be any n distinct points in order on S, 
they form the vertices in order of # convex n-gon. 

If P(r) and P(s) be any two distinct points of S, P(s) being higher 
than P(r), then all the points of 8 which lie between P(r) and P(s) 
will lie on a given side (left side) of the directed line P(r)P(a), and 
all other points of 8, excluding P(r) and P(s), will fall on the opposite 
` ^. side (right side) of the same directed straight line. — 
"Ww ^ All points of the plane which lis on the left of AB or on AB, 

will constitute the half-plane of 8. 
` — A tangent exists at each point P of S and the positive direction 
of the tangent is such that each point of S, except P, lies on the 
RN side of the tangent. 
The positive direction of the tangent turns continuously on the 
right as P moves from Ato B. The arc S is rectifiable. 
The figure consisting of the convex are S and its base AB will 
, be called à convex segment. 
“9 A combination of two convex ares, such that the lower and upper 
extremities of one are respectively the upper and lower extremities of | 
the other, will be called a double-convez. | 
An oval is a double-convex having common tangents at the com- 
[ lè mon extremities. ù 
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R 2, Admissible Curves. 


A class X of curves C will be called admissible to S, if it possesses 
the following properties : 

“(î Each of the curves € is uniquely determined by a fixed num- 
ber n of arbitrary points on S, The number n will be called the 
index of X. 

(ii) Each of the curves C, in the portion considered, is a con- 
vex aro in the half-plane of S, or such an arc, looked at from a 
projective point of view. 

(iii) The curves C are analyte. 

(iv) Two curves C and C’ of class X with index n, do not inter- 
sect, in the portions considered in the half-plane of S, at more than 
n-—1 points. 

(v) The curves C of class X with index n vary in a continuous 

K manner with the n determining points on S. A class X with index 

d n may be denoted by Xa. 

The variations of the n points on S determining a curve C 
will be always supposed to have been made in an orderly way, i. e., 
with maintenance of their order on 8. It may be observed that the 
points common to C and 8 wil have the same order, including 
sense, on C and S. This is evident if the number of points 
common to C and S be not less than three, as C and S are both con- 
vex, More generally the condition of sameness of order including 
sense, on C and S, of the points common between them, will fol- 
low if we hypothetize that C and 8 between any two common points 
— * €* P and Q will fall on the same side of PQ. 





* 


1 Tt follows from condition of admissibility (v) that if by orderly 
J variations of the n distinet points on S arbitrarily chosen, determin- 
Ù iw. ing a curve C of class X with index n, a group of r (> n) points 
Uu _ &pproached as their limit any fixed point P on S, fn any manner 
ji — whatsoever, the remaining n—r points approaching at the same time 
| other fixed limits, then C will approach a definite limiting form C,. 
We will say that in this case C, passes through r consecutive pointe 









of B at P. 
Condition of admissibility (v) is equivalent to the supposition 
that S possesses continuity of order n. 


N 9. Ordera of Incidence. 
Suppose C is an admissible curve of class X with index n, and 
. suppose that r df the determining points on 8 have become 
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consecutive at P. We will say in this case that C has moine) of 
order r at P on 8. 

When C passes through a single point P on S we will say that C 
has incidence of order one at P on S. When C does not pass - 
through a point P of 5, we will say that C has incidence of order 
sero at P on 8. A 

At certain special points K of 8 it may happen that in every 
arbitrary double neighbourhood of K their exist n+1 intersections 
of a curve C of class X, with S. Out of these n+1 points, only n can 
be arbitrarily chosen. The n+1th point comes in adventitioualy 
and will be called an adventitious point. 

The curve C at such a point K will be said to have adventitious 
incidence on S at K of order n+1 and strength unity. Adventitious 
incidences of higher strength it will not be necessary to deal 
with. They will not affect the minimum-number theorems 
discussed in this paper and therefore may be ignored. 

Where S has continuity of order n but not higher, an incidence T 
of order n 1 can be distinguished from that of an order n by the di" 


fact that if in one case the curve C crosses S, in the other case it - 4 
will not cross 8, but an incidence of order higher than n+1 will not be 

; distinguishable from one or other of the two sabovementioned - 
cases. 


4. Interstitial Incidence. 
We may make the following assumption : 
= oum If two curves C and C' have incidence on S at P of orders r and 
r', respectively, and if C' fall between C and S, either in the immedi- 
ate neighbourhood on the right of P or in that on lhe left of P, then 
r 5 r, This may be more succinctly stated that if C' has an incidence 
on S at P interstitial to C and S8 either on the left or on the right, 
| then the order of incidence of C' on S at P cannot be less than that 
: of C with S at P, 
| This assumption is based on geometrical considerations connected 
with the supposition of continuity of variations of C and C' along S 
and the interlockability of C and C’ on S. 
^ Two curves C and C’ may be called interlocked on S if all the 
points common to C and C’ in the half-plane of S are points of 8. 
Buppose C is determined by r arbitrary points P (1), P(2),..... P(r) 
and ©’ by r' arbitrary points P'(1), P'(21,..., P(r’), on an arbitrary aro 
m of S, of which P is the mid-point and which contains no further 
points of C or €". | ` 
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Suppose P'(1) ia the some as P(1) and that C' is interstitial to C 
and Sat P(1). Suppose, if possible, r'<r, Then we can take P'(2), 
P'(3)...., P'(r) identical with P(2), P(3),..... , P(r’), respectively. Evi- 
dently C' will also bo interstitial to € and S at each of the points 
P(2, P(3,.., P(r), if we suppose C and C" are interlocked on c. 
Consequently C! must either pass through P(r'«- 1) or intersect S be- 
tween P(r’) and P(r' 41), which is against the hypothesis that C’ has 
no further points on ır. Thus Sr. By making o vanish we arrive 
at our fundamental assumption. 

The cases where either one of the points P (1), P (2)... P(r) or 
one of the points P'(I), P'(2),,, Pr’) or one of the points of the 
former set as well as one of the points of the latter set happens to be 
ndventitious, require separate consideration. 

Suppose as before that the mid-point of o is the point P where 
both sets of points become ultimately consecutive, 

If an adventitious point occur only in the set P(1), P(2),., Pfr), 
the argument already given applies, 

If an adventitious point occur only in the set P'(1), P'(2).., P'(r'), 
then if the supposition r'«r were possible, we could identify P(1), 
P(2),., P(r’) with P'(1), P'(2),., P'(') and the remaining r—r’ points 
P(r - 1),., P(r) could be taken anywhere on « above Pir’) in an arbi- 
trary fashion. The argument already given will then apply. 

If a point of the set P(1), P(2).., P(r) be adventitious we can 
choose P(1), P(2),.. P(r-1) arbitrarily on < below P. The point P(r) 
will then be adventitious and fall on 8 above P. Similarly if a point 
of the set P'(1), P'(2), . , P'(r') be adventitious we can choose P'(1), 
P'(2), .. P'(r-1) arbitrarily on « below P. The adventitious point 
P'(r') will then fall on 8 above P. If we confine ourselves to the 
lower half of e we can prove, by arguments already given, that r' - 1 
cannot be less than r—-1. Whence it follows that rS r, 


5. C-HRanges on 8. 


If an admissible curve C of class X with index n, pass through 
m(S n) points P(1). P(2),...., P(m), in order on S, and if there be no 
further intersections of C with 5 between P(1) and Pim) we haven 
regular C-Range on S ot order m. The strength of a C-Range will 
be measured by m—n. 

A regular C-Range of strength unity will be called a prime 

— — — wu be 
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If € has incidence of order r with S at a point P of a regular 
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C-Range, the point P will be considered ns an r-ple point of the 


C-Range and as equivalent to r consecutive orderly intersections of 
C with S. Aregular C.Range on 5S may be more briefly indicated 
by C/8. 


At each single point P of C/S the curve C (measured in the posi- 


live sense) crosses S either from outside to inside of 8 or from inside 
to outside of S. In the former case the point P will be called an 
in-point and in the latter case an out-point of C/S. An in-point may 
also be called a positive clement and an out-point a negative element 
of C/S. It should be borne in mind that the order of the points 
C/S, as well as the sense of the order, is the same on € and S. 

The successive elements of C/S, when they are all distinct, are 
alternately of contrary signs. 

Au r-ple point P” of C/S is to be looked upon as the juxtaposi- 
tion of r consecutive points of alternately contrary signa. If r be odd 
the first and last points of P" are of similar signs and when r is even 
they are of contrary signs. 

If at a multiple point P”, the curve C approaches S from above 
8, the first point of P% is positive and if C approaches S from below 
S, it is negative. If at P” the curve C when leaving S goes below 8 
the last point of P" is positive, and if it goes above S the last point 
of P" is negative. 

Two C-Ranges on S will be called similar if the first and last ele- 
ments of one are similar in sign to the first and last elementa, rea- 
pectively, of the other. Two C-Ranges on S will be called contrary 
if the first and last elements of one are contrary in sign to the first 
and last elements, respectively, of the other. 

Two C-Ranges will be called infra-similar or infra-contrary acoord- 
ing as the first elements of the two are similar or contrary. Two 
C-Ranges on S will be called supra-similar or supra-contrary accord- 
ing as the last elements of the two are similar or contrary. A 
C-Range will be called positive or negative according as its first ele- 
ment is positive or negative. 

“If P and Q be any two points on € or S, Q being above P, the 
part of Cor S which lies between P and Q, both inclusive, will be 
denoted by C(P Q) or S(P Q). If P and Q be denoted by P(r) and 
Pis), O(P Q) and S(P Q) may be denoted more briefly by Cír, s) and 
S(r, s), Any particular point on S(r, a) may be denoted by P(r, 4) or 


R Pe 4), omitting the punctuation, Any particular point on S between 
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P(r a), and P(s t) may be denoted by P(r s t). Similarly any parti- 
cular point on S between Pí(rs t) an P(st u) may be denoted by 
P(r a t u), and so on. 

A convex segment consisting of C(P Q) and P Q will be denoted 


by C(PQ) and one consisting of C(r, a) and Pir) P(s) will be denoted 
by Cir, a). 
A prime range on S pertaining to € will be denoted by {C/S}. 


Û. Intersections of two Convex Segments, 


Suppose C(P. Q) is a convex aro and C(PQ) the corresponding 
convex segment, where by our conventions C(P Q) lies on the left side 


of PQ. Suppose C'(P'Q) is another convex segment in the half. 
plane of C(P Q). 
Itfollows from the elementary properties of a convex arc that if 


one of the points P’, Q’ lie inside C( PQ) and the other outside in 
its half-plane, the line P’ Q' will cut C (P Q) at a single point R and 
conversely. 


It also follows that C(PQ) and C'(P'Q') being closed figures 
intersect one another at an even number of points, suppos- 
ing that they have only a finite number of points common. Hence 
since P' Q' and C (P Q) intersect at only one point and © (P' Q') 
does not meet P Q at all, the convex arcs C (P Q) and C' (P! Q') in- 
tersect at an odd-number of points. 

If O be a common point of C (P Q) and C' (P' Q') and P’ lie in- 


side C (PQ) and Q' out-side, then O will lie on C (P Q) below R, as 
O is on the left of P' Q', If P' be outside and Q' inside then O will 
lie on € (P Q) above R. 

Conversely, if C' (P Q') lie in the half-plane of C (P Q) and in- 
tersect C (P Q) at a single point, or at an odd number of points, 
then P' and Q' lie on opposite sides of € (P Q). 

Tagore» I. 

Ij P(l), P(2),...,P(n +1) be the clements of a prime range 

CİS (1, n 1) where C is an admissible curve of class X,, and C ia 


another curve of the same class X ,, determined by any n arbitrary pointa 


P (1, 2), P(e 9)... Pin, n4 1) on B, then the regular range C' [S(1, n +1) 


Ê | ds similar to 0/8 (1, n 1). 


First suppose all the elemonts of C/S (1. n-* 1) arê distinot. Also 
suppose that none of the m arbitrary points, which  interpolate 
Side phe oveMap any of the elements of C/S (1, n+1), : 






















EXTENDED MINIMUM-NUMBER THEOREMS 165 
As P (1, 2),..., P(n, n 1) are in order on 8, they are also in order 
on ©’, 


P (r, r+ 1) and P(r«1, r+2), r=1, 2,.,n—1, are on opposite 
sides of C, in the half-plane of C (r, r+2), as S crosses C only once 


between these points, "Thereforethe part of C’ which passes be- 


tween P (r, r+1) and P (r+1, r+2) will intersect € (r, r+2), in at 
least one point O,. 

The n —1 points O}, Og,...0,_, thus obtained onthe n—1 succes- 
aive parts of C' between P(1, 2) and T(n, n--1) are necessarily in 
order on C'. They are therefore also in order on C, between P(1) 
and P(n +1). 

But C and C' cannot intersect at more than n—1 points in the 
half-plane of S(1, n+1), 

Therefore O,, Og...,0,-, are all the intersections of C and O 
in the half-plane of S (1, n+ 1), in other words, C and CC’ cannot 
again intersect in the half-plane of S (1, n 1). 

Suppose all the elements of C'/S (1, n+1) are P'(1), P'(2)...P'(m) 
These include the n points P (1, 2), P(2,3),....P(n, n+1). Conse- 
quently m is not less than n. P'(1) cannot coincide with P(1) for then 
C' would intersect C again at P(1), which is below P(1, 2) on €' and 
therefore much more below the lowest intersection O, of C’ with C. 

Again P(1) and P'(1) are similar elements, for if P (1) and 
P' (1) were contrary, then ©! would intersect C again in the half-plane 
of S (1, n-* 1) at some point O which is below P(1. 2) on €" and there- 
fore much more below O, the lowest intersection of C’ with C. 

In the same way it is shewn that P (n+1) and P'(m) cannot 
coincide and are similar. 

Thus it is completely proved that C/S (1, n+1) and C'/S (1, n 1) 
are similar, The order of C/S (1. n-- 1) is 5-1 and the order of 
C'/S(1, n-- 1) ia not less than n. But two similarranges have either 
the same order or differ in order by un even number. Hence the 
order of C'/8 (1, n 1) is either n+l or n+1+2p, where p is an in- 
teger. Thus either C'/S(1, n +1) is à prime range ora composite 
range of strength 1+ 2p. 

The cases where some of the elements of C/S (1, n +1) are multi- 
ple or where some of the arbitrarily chosen points Pil, 2)..., P(n, n +1) 
coincide with some of these elementa can be individually treated on 
similar lines and present no inherent difficulties. These cases may 
also be considered as orderly limits of the case treated above and 
deduced directly from it. ' 
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f 7. Line of Mean Succession of Prime Rangea, 


li If in Theorem I we take P(1,2), P(2,3),..., P(n, n+1) to be the 
mid-points of 8(1.2), S(2.8),....S(n. n-* IJ, respectively, the curve C' 
of the same class and index as € determined by these mid-points will 
be called the mean associate of CIS (1, n +1), 

| The range C'/S (l.a+1) which will be similar to C/S (lI.n 1) 
will be called the mean derived of the latter. 

The mean derived of a given prime range (P| may be itself prime. 
In which case it may be denoted by (P'] and called the mean 
successor of {P}. 

| If the mean derived of [P] be composite and of strength 1+2p it 

will consist of n+1+2p elements  P'(1), P'(2),...,.P'(n+1+4 2p), 

These can be grouped into 2p + 1 successive prime ranges, 

P0), ..., P* (+2), 
P’ (2), ..., P' (n +2), 


P’ (1 2p)..... P'(n+ 142p). 


which will be alternately similar and contrary to [P]. The first and 
last of the group which may be called the header and lailer, will be 
always similar to {P}. Any one of these 1+ 2p prime ranges, will 
ebcalled a mean successor of {P}. 


It (P), [P^], (P"),....(P/],...be a sequence of prime ranges such 


that {P'} is a mean successor of {P} and [P''*Pj of {P}, 
cw e — r-1,2,9....then this sequence will be called a line of mean succeasion a 2 
of prime ranges. 
If (P). {P}. (P"),...be all similar, the line of mean succession 
which they form will be called pure. Otherwise the line will be called 
mized, specially if the successors of no successor are all similar. 


8. X.pointa, positive and negative. 


A point of K of S will be called an X-point of given sign and 
index n, if in every arbitrary neighbourhood c. extending to both 
sides of K, there exists a prime range O/o of the given sign 

| pertaining to a curve C of class X with index n. 

ı An X-point is cither positive or negative, An X-point which is 1 
both positive and negative will be supposed not to exist. The ex: | 
ene of such àn X-point would imply the existence of an infinity of 
— hal SR vicinity and no minimum 








Tw -extended to any value of n. 
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Taeoram II. 


Every pure line of mean aucceasion of prime ranges on S, derived — E 
from a given prime range {P} of given sign, pertaining to an-admis- Î 
sible curve C of clase X with index n, lends to a definite X-point of. 
the given sign and indez n. * 







Let (PJ. {P'}. (P"J.....denote a pure line of mean succession — 
of prime ranges derived from [P] and s, s', s,...... their respective — 
laps on S, that is, the arcual distances along S from lowest to highest 
element of the respective ranges. " 

It follows from (7) that & falls within s, a" within s, and so on. 
It can be shewn that 4, a', a'',......form a sequence of zero limit, A 
proof of this for the case n=5 has been given elsewhere (see Genera- 
lised Form of Bühmer's Theorem, Collected Geometrical Papers, Part. 
I, pp. 42-45). The method of proof given there is general and can be 











There is only one point of S common to s, s, a'',... by Bolzano's 
Principle. This unique point is an X-point of index n and given sign. 






Cor. To every prime range of a given siga pertaining to a 
curve C of class X,, corresponda at least one X,-point of the given 
sign lying in the lap of the range. 






9. Bi-incidence on S. 


Let C;.,, r=0, 1, 2,..., n, denote an admissible curve of class | l 
X,. having incidence on S at A and Bof orders n—r and r, res- | 
pectively. Such a curve will be called a curve bi-incident on S, the 
order of the bi-incidence being n. Thesum of the orders of the 
incidences of each of these curves at A and B is n, the order of the 
bi-incidence. 

The curves of class X, which have bi-incidence on S(AB) of order 
n, can be serially written as: 


Oa: Qu a Yekan NO u ON rend si 


Two consecutive curves Cro», O'f1,_) have n—r—1 consecutive 
oints common at A and r consecutive pointe common at B, They 


= have. thus altogether n —1 points common, and consequently cannot 
- have any point common between A and B, 


û A curvo C',-, will be said to be clearly bi-incident on 8 (AB) 


it it has no point common with $ between A and B, 
| | # J > ' e 
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jê A curve C',_, will be called adventitiously bi-incident on S(AB), 
> if it has one or more points common with S between A and B. 

: Two consecutive curves Ü^,., and C'2!,., can be looked upon 
an interlocked on S as all the points common between them are 
points of 8, 


Taronem ITT, 


Two consecutive curves C^, and Cil, which have clear bi- 
j incidence on S(AB) will fall on different sides of S between A and B. 
ù Suppose C^... falls above S between A and B. Then Cit,- 
will fall below S. 


ê Crj1,-ı cannot fall above C^,., at B as then C^,., would be 
| interstitial to C^71,., and S at B and have nt the same time a 
L lower order of incidence, namely, r, on S at B than C^;!,., bas, 
j Cil, cannot be interstitial to C^,., and S at B as then it would 
+ be also interstitial to C’,_. and S at A and have at the same time 
Ê an order of incidence on S at A less than the order of incidence of 
" Ore on 5Š at A, 

Î Consequently C,"*!, will fall below S at B, and therefore also 
di below S at A as the bi-incidence is clear. 


Cor, (î). If every one of the seriea C9,,,., Camrie C8 have 
clear bi-incidence on S (A B), they vill fall alternately on different 
sides of S. 


| Cor. (ii). The curtea C^. and C", In the above corollary will 
— fall on the same side or different sides of. S. according as n is even 
or odd. 
u Cor. (ii), The ranges C’,_./8, r-0,1,2,...n, are all similar, if 
i the bi-incidences be all clear. 
E This is evident, since if C^,..,. fall above S at A, C^21,.., will fall 
below S at A, that is, ifthe n—rth element of C’,--/5 be negative 
then—r—ith element of C^771!/8 will be positive and the two 
ranges have the same order. 
Gor. (iv). Theorem [II also evidently holds for two curves 
a) Cr nares „ and C'2!7*, of class Xw, the former possassing adventitious 
hoid⸗nee of strength x at A and the latter poascssing adventitious 
incidence of strength y at B, 


— Y Ora, ponens adventitious incidence at B or if Oni a, 
Û alyak wanan Si be dentic 
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ji L as they will possess altogether more than n-1 points common. - 

j Such possibilities will not affect the minimum-number theorems, l 

] E 
U Turongw IV, 

pi 

L If C9, and C", be two admissible curves of class Xas which have 

m no point common with 8 botweon A and B, and if they fall on differ- 

ji ; ent sides of S when n is oven or if they fall on the samo side of S 

Es when n ia odd, the ranges Û%„jS and C/S are contrary and. 

Y. conversely. | an 


This theorem follows directly from definitions of positive and 
negative elements and those of similar and contrary ranges and does 
not stand in need of a formal! proof. 


Toeonem V. 


Af 0%) 8 (AB) and C^,/8(AB) be two contrary ranges of order 

n, pertaining to two admissible curves O9, and C^, of clasa X,, then 

« there exists a firat curve of the serica C", ,, r1. 2,...n-1, which 
is adventitiously bi-incident on S(AB). 


Since C9,/S(AB) and C*,/S (AB) are, by hypothesis, each of 
order n, they are clearly bi-incident on S (AB). 

If all the curves of the series €^, .., r=0, 1, 2,..., n, were clearly 
bi-ineident on S (AB), the ranges C^... /S would be all similar. 

But the ranges C°,/S and C",/S are, by hypothesis, contrary, 
Hence there exists a first curve of the series C’,.., r—1, 2,..., n=l, ` i 
which is adventitiously bi-incident on S(AB). 


Cor. If the firat curve of the series. Of... r=1, 2,..., n—1. 
which is adventitiously bi-incident on S be C*,_,, then the range 
C*,-4/8 is infra-similar to C°,/8. 


The ranges C”„.,/8, r=0, 1. ,2..., k—1. are all similar, as they 
are a succession of clear ranges. 
— bet the fırat point of C*,., which falla between A and B on 8 
| be L. Let s denote 8 (AL). 
| 4 ff "The two curves “laxan vl and Û ê» have le--1 consecutive 
|... points common with S at B, 
-  . Considor the series of curves of class X,.,., which have bi- 
J "iüicidenoe on # of order n —k 4-1 and pass through kı consecutive 


points at B, which are outside the half-plane of s. 






p 















Ii + 
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| 
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Let Cizl., and C*,., ns members of this series be denoted 
by c9, .,., andc!,_,. They are two consecutive curves of tho 
series which are both clearly bi-incident on a. 

Consequently c9,.,,4/s and c!,., /s are similar ranges of order 
n—k+1. In other words C*7!, ,,,/S and C*,_,/S are infra-similar 
But C*-',_,.,/S is similar to C9,/5. Therefore C*,.,/S and C°,/5 
are infra-similar. 

TukogEM VI. 


If €9,/S and C*,/S be two contrary ranges of order n, where m 
isthe index of the class to which C", and €", belong, then there 
ozists on S a prime range belonging to a curve of the series CT, ,, 
r=], 2,....n—1, which ia infra-similar to C9,/S and aupra-similar 


to €",/S. 


If C*,., be the first curve of the series to have adventitious 
bi-incidence on S, then we have shown that C*,.,/S is infra-similar 
to €9,/8. Cor. Theorem V. | 

But C*,.,/S is either a prime range orn composite range, 
as it has more than n elements. 

In the first case we have a prime range on 5 infra-similar to 
C*,/S and therefore supra-similar to C",/S, as C°,/S and C",/$ 
are contrary ranges of the same order n. 

In the second case the header of the composite range will be a 
prime range infra-similar to C°,/S and therefore supra-similar to 
C",/8. 


Cor. If €9,/8 (PQ) and C^,/S (PQ) be two contrary ranges of 
order n pertaining to two curves C9, /S(PQ) and C*,/8 (PQ) of clase 
X,, clearly bi-incident on S (PQ), then there exists on S. between 
P and Q an X,-point, infra-similar to C°,/8 (PQ) and supra-asimilar 
to C*9/8 (PQ). 


THE&oREM VII. 


If C/S=P(1), P(2)...., P(n), (n23), be a regular range on S of 
order n, pertaining to a circle C, thon there exista on S, between 
P(I) and Pin), at least n—3 cyclic points, of alternately contrary 
signa. 





We will suppose that the oirsle determined by any three pointe 

on § varies in a continuous manner with the three determining s 

points, in other words, that 8 has continuity of order 3. 
2 








EXTENDED MINIMUM-NUMBER THEOREMS d 


The class X of circles determined by any three arbitrary points 
on S is obviously an admissible one, 

If we fix two points O; and O4 on €, not in the balf-plane 
of S (1, n), then the class X, of circles which pass through. tbe 
two fixed points O, and O, and any arbitrary point of S is obvi- 
ously also an admissible one. 





S(1, n), then the class Xa of circles which pass through the fixed 
point O, and any two arbitrary points of S is obviously also an 
admissible one. 

Consider first the class X, of circles. The circle © has bi- 
incidence on S(1, 2). Suppose C cuts S positively at P(I) and 
therefore negatively st P(2). Hence there exists a positive X,- 
| | point P(1, 2) on 8 between P(1) and P(2) Similarly there exista 
M a negative X,-point P(2, 3) between P(2) and P(3). Thus there 
exist m-1 X,-points alternately positive and negative between P(l) 
| and P(n). 
jd Next consider the class Xo òf circles. Thè circles C’; and C*, 

of this class have bi-incidence on 5(12, 23), and the ranges per- 

taining to C°, and C?, on this arc are of contrary signs, that belong- 

ing to the former being positive. Hence there exists a positive 

X,point P(1, 2, 3) on 8 between P(12) and P(2, 3). Similarly 

there exists a negative AXg-point P(2,3,4) on S between P(2,8) 
* and P(3,4). 

Consider lastly the class X, of circles, The circles C", and 
C*, of this class have bi-incidence on 5(123,234) and the ranges 
pertaining to C", and C?, on this are have contrary signs. that 
belonging to the former being positive. Hence there exists a 
positive X,-point P(1,2,9,4) on S between P(L.2,3) and P(2,3,4), 
Similarly there exists a negative X,-point P(2.3,4,5) on S between 
P(2.3,4) and P(3.4.5). In this way there exist on S, between P(1) 
and Pin), (n—3) X,-points alternately positive and negative, which 
proves the theorem. 













TurongM VIII. 


lj CJSmP(1), P(3)........ Pin), (n > 5), be a regular range on 
S of order n, pertaining to a conic C, then there exista on S, bè- 
~- „tween ad ‘and P(n) at least nê nexlactie points, of “alternately 





Again if we fix one point O, on C, not in the half-plane of 
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We will suppose that the conic determined by any five points 
ù on S8 varies in na continuous manner with the five determining 
| | points; in other words, that 8 has continuity of order 5. 





If we fix r points Oj, Og....., O,. r=1,2,8,4,0, on C not in tho 

half-plane of Sí(1,n), then tho class X4., of conics which pass 

| through the r fixed points on C and 5—r arbitrary points on S is 
I obviously an admissible one. We can prove successively on lines 
similar to that adopted in Theorem VII, that if C cut S positively 
at P(1), then there exist on S at least 5 —1 X,-points, n—2 Xa-points, 


it n—3 X,-points, n —4 X,-points and finally n —5 X;-poinis, alternately 
j positive and negative. Thus the theorem is proved. 

t 

E. 

- Tu&koREM IX, 

ù j a circle € intersect an oval V at 9n points (n8), then there 


exist at least 2n cyclic points, in order on V, of alternately contrary 
signs, provided the oval has continuity of order 3, 


[ To fix ideas suppose »=3 and that the intersections taken in 
y Î order are P(1), P(2)......P(0), the point P(1) being a positive inter- 
Let X, denote the class of circles through any three arbitrary 
points of V. Let X,(4,5) denote the class of circles through the a 
two fixed points P(4), P(5), and an arbitrary point on the are 
V(1, 2) opposite to V(4,5), Let X,(5,6), X, (6,1), X, (1.2), X, (2,3), ° 
X (3,4) denote corresponding classes of circles, 

Again let X4(3) denote the class of circles through the fixed 














point P(5) nnd any two arbitrary points on V(L83), composed of j 
V(1,2) and V(2,3), Let X,(6), X,(1), X2(2), Xa(ö), Xa(4) denote 
corresponding classes of circles. 


There exists n positive X,(4, 5)-point P(1, 2) on V between P(1) 
and P(2), as P(1) is positivo and therefore P(2) is negative. Similarly 
BÊ there exists a negative X,(5, 6)-point P(2 8) on V between P(2) | 
Zu and P(J) In this way there will exist six pointa P(1, 2), P(2, 3), " m 


—. T8, 4), P(4, 5), P(5, 6), P(G, 1) in order on V, alternately positive jê 
and negative, which are, respectively, an X,(4, 5)-point. an X,(5, 0)- B 
T —point. an X,(6, 1)-point, an X,(1, 2)-point, an X,(2, 3)-point r 
.. and an X,(5,4)point Since P(1, 2) i» a positive X,(4, 5).point 7 







hi Ceo mis X,(5, 6)-point they determine two circles 
*- and Cj of the class X4(5), Soh Ses the rabe Berken NU 





an- hê 











173 
them on V(12, 23) are of contrary signs. Hence there exists a posi- 
tive Xo(5)-point P(123) on V, between P(1, 2) and P(2, 3). Simi- 
larly there will exist a negative X4 (6)-point P(234) on V between 
P(2, 3) and P(3, 4), 

Thus there will exist six points P(123), PUH), P(945), P(450), 
P(561) and P(612) in order on V, alternately positive and negative, 
which are, respectively, an X5(5), an X„(û), an X4(1), an X4(2), an 
X4(3) and an X,(4)-point. 

Since P(123) ia a positive X4(5) point and P(294) is a negative 
X4(0)-point they determine two circles C and Cj of class Xa 
such that the ranges pertaining to them on V(123, 234) are of con- 
trary signs, Hence there exists a positive X,-point P(1234) on V 
between  P(123) and P(234). Similarly there exists a negative 
Xa-point P(2345) on V between P(234) and P(345), 

Thus there exista six X,-points P(1234), (2345), P(3450), 
P(4561), P(5612) and P(6123) in order on V which are alternately 
positive and negative. "The theorem is therefore proved for n —3. 

The above proof is quite general in method and can be applied to 
any value of n.! 


EXTENDED MINIMUM-NUMBER THEOREMS 


Cor. The minimum number of cyclic points on an oval la four, 


This theorem was first published by me in 1909 in the Bulletin 
of the Calcutta Mathematical Society for the year. 


THEOREM X. 


If a conic C intersects an oval V in 2n points (n>8) then there 
exists atleast. 2n sextactic points, in order on V, which are alternately 
positive and negative, provided V has continuity of order 5. 


To fix ideas suppose n=4, and that the intersections taken in 
order are P(1), P(2),......... ,P(8), the point P(1) being a positivo inter- 
section, , 

Let X, denote the class of conics through any five arbitrary 
points of V. Let X,(1567) denote the class of conics through the 
four fixed points P(4), P(5), P(6), P(7) and any arbitrary point on 
y u, 2). Let X,(567) denote the elass of conics through the three 


fixed points P(5), P(6), P(7) and any two arbitrary points on V(I, 3), 


"A ^W. Blaschke, Krein und Kugel, Leipzig, 1016; p. 161. 
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Let X,(6, 7) denote the class of conics through the two fixed points 
P(6), P(7) and any three arbitrary points on F(1, 4) and finally let 
| X (7) denote the class of conics through the fixed point P(7) and any 
E four arbitrary points on V(1, 5). 
| In general X35., (p +1, p+2,...... (p r), where r=0, 1, 2, 8, 4 and 
p=0, 1,2, 8,......, 7 and P(q) &P(g —8) when q exceeds 8, denotes a 
class of conics through r fixed points P(p+1), P(p4 2),...... ,T(p+ r) 
and 5—r ırbitrary points on V(p+r+2, p+7). 

Proceeding as in Theorem IX we have first 8 points P(I, 2), 


+ P. 3),...... ,P(8, 1), alternatively positive and negative, which are, 
respectively, an — X,(4557)-point, an X,(5678}-point,...... , an 
X, (3450). point, 
Next we have 8 points P(123), P(234),...... ,P(812), alternately 
E positive and negative, which are, respectively, an X4(507)-point, an 
e X,(678)-point,.......0n X.„,(4560)-point, 
Next we have 8 points P(1234), P(2845),......, P(8123), alternately 


positive and negative, which, are respectively, an X (67)-point, an 


X, (78)-point,.......an X,(56)-point. 
Next we have 8 points P(12845), P(23450),....,P(81234), alternately 


positive and negative, which are respectively, an X,(7)-point,an  . 1 
Xu (8)-point,......an X.,(6)-point. he 

Lastly we have 8 points P(128450), P(234567),......,P(812345), k 
alternately positive and negative, which are all X„-points. | 





4 Thus the theorem is proved when n=4. The method is general - 
| and applicable to all values of » greater than 2. 










Cor. The minimum number of sextactic points on an oval is eiz. 





This theorem waa first published by me in the Bulletin of the 
Caleutta Mathematical Bociety for the year 1909. 
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INTRINSIC PARAMETERS IN THE DIFFERENTIAL EM. 
GEOMETRY OF CURVES IN AN N. SPACE * 


3 BY 


B. MUKHOPADHYAYA. 
I, GENERAL CONOEPTIONS OF PARAMETRIC Co-EFFICIENTS, 


1. Parametric Co-efficients defined in n-dimensional space. 
Let a curve in an Euclidean n-dimensional space be defined by 
zı =F, (t), Ze = F(t), Ii =F’, (t),.... sn. c. song Ly z Ft), 


where Zy, 29. 25)... vs) & are the co-ordinates of a point P, 
on the curve, with reference to n axes mutually orthogonal, through 
a given origin. Any of the co-ordinates x is the length of perpendi f 
cular, with proper sign, on the (m-1) dimensional space passing Lû 
through the remaining (n—1) axes. The functions F,, Fa, Pg.......» —_ = 
.F,. as also their derivatives, up to any required order, are supposed E 
to exist and be continuous within the limite of value considered of 


the parameter t. 
Tt we write 
i a Dr, where r is a positive integer, E | 
a and 


xp” Iz, D "Fa, az (mı, ma), where r=1, 2, 3,..... n, then (mı, Ma) 


p REUNIR Griffith Memorial Prise Essay for 1910, publiabed by the Ta 


Calenta University, " 
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D ?z, 
ls 1 
^ z m[m;, ma]? 
D iz, D *z, 
2+ 5 
| where rj*1, 2, 3..... n 
7371, 2, 8... 5 
[ then [m,, ma] taken positively, will be called a parametric co- 
.  effücient of class 2, 
| Similarly, if wo write 
| i pi g; D te, D tg, 
. Ir ly 1 
m "i ni 
x|D "y D rev, D "Er afm; mg, ma]? 
" * "ٍ Y 
B "t d» 2 "ra; e T's E 
nn where rı z1, 2, i EEE E n a i 


Ta=l, 2, Ose N E n 


€ 7371, P. —— saw êê j Ti 








then [m,, mg, m3] taken positively will be called a parametric 
co-efficient of class 3, and so on. 


D 1z, III D'*z, 


%.cê cc anne n... e... nd 


». . n. n.n e... . e...» efm Mais. een ma] 


—— D'*z, 











A 
Ê pi» > 4) D e ME * -— "ra b X7... i 
e co ot | et \ 

: : bı - 7 id - i ü 
A - * — - —* ` vt thats f p“ ê P ayia A a 2Ê 
KERÊN A. 9 rdê saa T we êê Tubs ù 
t û yy 
K — 
Tu z T * 
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Further 





D Ti D T D Iz, D 22, 


z[m;, ma | Py. Pa] 


where - o 
rı z1, 2, 8, dı û ê ê kk ê n = 
rg=l, 2. 8, ..... mi | 

will be called the moment of the parametric co-efficients * ei 


Similarly, [mi ma] and [Prs Pa]. 


^ om ^ P pP r 
Diz, Dz, Dz, ||D'z,  D'?z, D *z. 
1. Is 1 1» le 


3D 'z, Diz, D*z, ||Dz, D?z, D?z, 
2 2 2 J+ 2: 2 


m * Re F P pP 
D'z, D?z, Dz, ||D'z, D*z, ` D`*z, 
4, 3s a 3 Se 3 


g[m;, ms, m | Py» Pa: Pa] 


where 
rı z1, 2. 8, *..... „1 
r221. 2, Ü +...... «Tê 
ra 1, 2. d, “ae ewe b n zs dms 


will be called the moment of the pargmetric co-efficients 
[mı ma, m3] and [pı. Pa. Pa], and so on. 


We have thus moments of parametric co-efficients, taken in 
pairs, of any class, from the second upwards. If the co-efficients 
be identical, then their moment is equal to their product, 


Thus, 
[mı. ma | my, ma]~-[mı, mao]? 


[mi ma. ma | mı, ma, ma] 7 [my mg. Mz)’, 


and so on. 


Also the moment of two parametric co-eflicients of the highest 
class n, is the product of the co-efficients, 
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Thus, [mı mo, m, | Tı Po. Pa] - 


2 mi, ms... Ma] [Pr PoPa] 


These moments are expressible as simple determinant functions 
of parametric co-efficients of class 1. 

Thus, 
| | (mı, Py)» (ma: Py) 
| [mi ma | 54. p3]7 


(mı. Pa). (ma, Pe) 





- (mı, fı): Mo, Dı), (ma, P1) 


û [mi ne, nis | Py» Po Da]: (mı, P3). (ma, P3). (ms. P3). ¬ 
^h i , (ma, P3), (Ma P | 
— (mı: Pa), (me, Pa), (ma, Pa 
E Again, since for space of n dimensions, parametric co-efficients | 
E. . of class higher than n must vanish, we have i 
[mı. MH gence eee Mgs Mn, ]¬0, [Pis Pa: — T Pa Pasi ]=O0 | 
and therefore | 


(mı, JJ (Mes). m) 


BEES 77 | A |  Méosesbe u... . . a a. a. eee db e e u... +....*“”...... =0 








Peete eee eee eee ee SRST ESHER ETH RMR eee 


BÊ (mı. ee) On (ret Pret) 
La 2. The Intrinsic Parameters of a curve in n-dimensional * 
space and their geometrical interpretations. 

The first Intrinsic Parameter of a curve in n-dimensional space 


may be Gefined as 
2 (1,1)4at. 
















^ — v mê 
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The third Intrinsic Parameter may be defined as 


«e| [1, 2, a) tat. * 


ty 
The n™ Intrinsic Parameter may be defined 


' 3 
- [ı. 2,...n] ^ +d) dt. 


A plane curve has evidently only two Intrinsic Parmeters s4 and ET 
#, and a curve in space only three, sı. #a and s,. 


Let P, and P be any two points on the curve, corresponding to. 
given values ty and ¢ of the parameter f. Take a large number N, of 
consecutive points on the curve, from Po to P, corresponding to N 
equal small increments 6t of t, so that Nit=t—to, Then if (z,, ze 
*) and (zı + zı, zo +êzo,.......z„ *êz„) be the co-ordinates of 


any two consecutive points P,, P,.,, the length of the chord — 
P PSI is 


CARACAL TEA L | 
and the sum of the lengths of N such chords is 


Man)! Qd e Quai 


-1(+ E? )«G y+. (Ry Tn 


. This sum has a limiting value, when N is infinitely large, which may 
a be written as 





Û 
- . 
D 
LI 


t te 
| (1, 1) 8a Ê 


te P 





"i 

| whioh is thorefore the fiv Tairinsio Parameter (s). The — D 
—* | — ipo itn (a). A 
TTE PTS 1 
XN * * F Jn, 
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Again, if P,, Preg: Prea be any three consecutive points on the 
curve, corresponding to equal small increments dt of f, then if z,, 
@a,...». Ta be the co-ordinates of P,, those of Peay and Prso will be 


Ti +82), Za SÊ Dada seins kevesosununeexsna Ên trn, 


and zı + 23,2ı + ê?zı, Za trg +322a.......:Zn + DEL, +687 z,,, 


f respectively. 
The projection $815 of the area 68 of the triangle P. Pos Pees 
1, T1. Zo, 


1, zı +262) +672), z2 + Zire + TEF 


1, 0, 0 
7$ 1,85, + dz; 
-1, ê?zı: ê?za 


=F, (êrı3?za -êzaê%zı) 


A 





AA v ze A ' 
+ E 
n M' 
S j y U 
UO | e 
dd nd 
TRAL LIBRARY 


ae 
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So that the second Intrinsic Parameter 







| t P | E 
„-\ (1, md âs). 


to P, 






Similarly, if P,, P, ,,, P,,a, Pess be any four consecutive points on - | 
the curve, corresponding to equal small increments & of t, then if ] 
zı, Torr+.-+40_ be the co-ordinates of P, those of P,.ı, P,+a, Preg 
will be respectively : zl 









Tı +z), Zo +êZo,...... .... En TOL ay 
Ti + 2êrı +672, 1 By + 23z e + 6725,...25 + 23z + 6%z,, 


Ti + Box, +8822, + êzı, Za + 36r, + 8ê2za + 33za,...Z« + 96r, 9612, 






+ i PA 


The projection ôF} a, of the volume 8V of the tetrahedron P,P,.ı 
P+aP«+s on the space (zı. x9, #5) is 










1, T4, Za: 
1َ 1, zı +êzı, ff. 
8! i 

1; zı + 2z, + ê?z,. £o +23za + ê?za, 

Jı, zı 852, +3572, +3'zı, Ta + 33za + 3ê%za +ê'zo, 









ü = 
3 Bx, êz o. öz ş | L s 1 
Ta4 +êza 1 i ^ 
ur é Ty, 9*z,, 83r, 
ty + 2êza 5? 2, 3 
| 8r Y 8?*z, i ê?z, i 
za + 98r, + 8ê?z, + S25 | 
: P 
a | n êz 

ip. X ge ae gt [tans 

ae ) ôr, .ê?za 32 





Ww. : p 


| ent- dl f 3{1,2. aJ") "n 
ty 









= 1, 2, 3 D dt 
— 
So that the third Intrinsic Parameter 2 
B. P 
ir. ven | (ave 


ELE eri ET Php 
Py cg, -e Pps» 0n the curve, the p-dimensional content U, of the 
rectilineal figure formed by them is determined by 


— «êve. ceye. êz,» 2 
(5U p)? : 1 x Ba, eee o Oe 4:p 
en? | ûne n by n e a blê «n aê ka e ê ê» ex» | 


dua oolê ên oslo nwe nue nk ee trosa 
) © áp Zp: diceva f PON | * 


j — 31 5 » | E , 
y qu p^? < (p.l) p f {3[1, a,......r]? PO a 
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Rr 


UB. dux a P —— 
- si M d i , 2n 
* KC 4 
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It may not be superfluous hore, to point out that the — 
p-dimensional pyramid, whose vertex is P and base the —— 


sional rectilinear figure determined by P', p^... p? ist Up — 


where H „-ı is height of vertex over base and U „-ı ùe content ei 
the base, for if we take 30, to be the element of U, between two 

parallel (p—1)-dimensional bases, separated by distance 4 Hy 2 
then because U p-; varies as (H ,.,)^7? we must have i 


: j 
q 


He-1 p-1 | 
rl Up- dH #-ı jm k(H,-,)?7* dH „..ı | 
" o 


L 
H 


=% = v = 5 Hy-1U s-ı: 
Similarly Uy, = = H peg U p-g: and so on. p" 


Therefore U, 7. His Hanan 


whence we deduce in the usual way the formula 


""*""*"*»**a*wte see) See eRe “ê a ® n» 
eee eee eee eee ee ere err eee eee 


SSO e See eee eee eee eee nê ê + 


i; s," 2, 0.e, 2) 


where zı: 224::::. od; x,’ ê zaُ peeces 2,7 Mod od ; 1409), #a(P).. «++» z„(P): are 
the co-ordinates of p+1 points P, P'...P(p) in p-dimensional space. 
It will appear from the above geometrical interpretations that the 

n parameters 31, Sgier |, are intrinsically connected with y 

curve and give, as it were, its measure in respectively one, two... 
. dimensions. Tho values of 4, 44. etc., are independent of the we 

kem of axes chosen and of the parameter t and only vary with the 
— Po and Pon the curve. Then co-ordinates of a point 





c 
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P on the curve may be expressed as functions of any one of these 
parameters. Any n—1 independent equations between these intrin- 
sic parameters will determine a curve in n-dimensional space, intrin- 
sically. 

3. The n—1 radii of intrinsic curvatare of a curve in a-dimen- 
sional space. 


If Sy, greien 1, be the n intrinsic parameters, then 
25 s. Dž, 92 =[1, 2, wez 1, 2 3]". ete. 


2 
ere [1, 2, 3... n] sn +1) 


If we define the radius of first intrinsic curvature as 


«n 


that of second intrinsic curvature as 


n7 (a "nou 


and that of third intrinsio curvature as 
das ) = 1, 2, Ju 
ds, (i, 2, 8, 4]' 


The radius of n—1 intrinsio curvature is 


and so on. 


p.a (Sten yt. - (1, 2,5... — 1]. 





The dimensions of pjs p5......... Pa-ı re obviously of the first 
degree in length. It is easily shewn that the first radius of intrinsic 
curvature representa the radius of a circle through three consecutive 
points, 


The higher intrinsio parameters are expressible in terms of the 
first intrinsic parameter and the radii of intrinaic curvature. 
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For, we have from definitions 
-(12)?25,75 (ı, 1. jı, 2, a)5-»,75 [1,2 ai, 


[1, 2, 8, 4] 0 29, T0 [ı, a, 8] , eto 


— — ENE `-- — 
[1, 2, 3,......n] "ty =Pa-1 t (1, 2, Breve) — 


Therefore 
bg = | [l, gis | Ar nefa a 
ta to 4» 
55 =| [1, 2, g]* diz — ^ 
bs 4 o 


t 
em] (1,2.3.)] 7*2 at 
i, 
j TAR: des fun — 
-Í P1 Pa Pa ....PIn-ı mats da 
P 


"The invariant nature of the intrinsic parameters is, therefore, 
, connected with the invariance of P Pa Pares III Pact» 


4. The Spherio of Osoulation. - BO 
De The spheric of (n—1) dimensional boundary which has closest 
contact with a curve in n-dimensional space has for its equation 2 
is (X,—2,?, — Xp “2ı: .:::::.ıırıxı. Xa 2n 
[ j DT >asnyhdelaxasasy D, 
; Daia eere D Ra 
i D?zy,. erey D?z, zz Û 


oon wee ees 


A 


UE 
No 
A û B 
S , e, 
— 
TRAL LIBRART 





erê 


CEN 


i ~i — — 
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This is deduced from the spheric through n+1 points, which has 
for equation 
Lُ î (X,—z,)%, LI ST ee Xuwa 


(z,'—z,)*, z;—z. FERRARREWNRERARTRHAETEAREN a!,—T. =() 









| (z„'")-z,)2, z =t ıê e e e.» e... Q0) — 2^ 
or 
Î -—z,)?, X jmt — co «0 a êxe e e ê eê a. a ê“. =0 
rê 
(z,'-z,)?. z;'—zr,, ã a u dk“ û ea ê ê aa ê oeeeee 
j ttz,"-z,)?-2(z,/-z,)?J, z,"—2z, 9 mj... — 


VD————— 
or using the notation of the calculus of Finite Differences 
(. -—2,)*, X -z EI L 


(X,—z,)?, Gy pion TET —— +...... » êza 






X,-7z, 
+ (X,—2,)?, Bas ex se kua wê ass êyan KE Rêya 5a beê û90 8?z, zü . ee 
6 X, =z, . 
s.a ssp ene 268 
| ! 
a, (X,-z,)?, ÖZ j ı sosseesseyesêksoskeneresneêê "Ta ' " 


X,=<, 


a __ Now if we divide the second, third, eto., rows by St, (8t)?, (šf)?, 
aL eto., and go to limits, we have 


Leg 7 D"a, 
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The equation of the osculating spheric in n-dimensional mec 
be transformed into Nar 


{2(X,—2,)*, L4, Lig, — EOE «ne w «ıs „ . eee ethernet Ly À lie: ki 


0 | [1, 2 9 trn n], ——— — 0 
2(1, 1) + ' [1, d orn n]. +. ............* a. a 0 RR 
6(1, 2) , 0 ` 0, ww. iw we n. e n e. ww... 0 


n (1, n=1)+ ZED (o, -2) + eto., 0, 0.,..., [1, 2....n] 


Or, 
[1. 2,.... n] X(X, —2,)? —2(1, 1)5,—6 (1, 2) L,--.... 
—Í[n(1, n—1) „nin (2, n-1) + ete.) L„ ~0, 
The transforming factor is 
E09. 7 109i tue 30 j 
645115 A135 seen Age 


' Ag; ; Ass, ù... Aan 





. ( 
dı. ti ê e êb be ê êw. SCORE OHO Oe n... j " 
as 
persa e.e ebe... ee SSA HRS HF «o... a... 
MEN a 
24 j 
, Any , Ang J CETE Aun . | ¬ 


[1, 9, Byes n]. Dz, , Dz, | 
D?z, Û D?z, & teen j D?z, 


D?z, + D?z, * sees d D?z, 


ee + `... eee 


' — De, | 


D"zı Û D"z, Po on D'r, 
ie ee *(X,—24)4,, 


jer +. ee LIII 


— b + Cm z9)4«a+ en th (X, —z,)A, se 
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In particular the equation of the sphere of closest contact in 
three-dimensional space has for equation 


[1, 2, 8)2(X—x)?—2(1, 1) Lg-G(l, 2) hi a 0 
where 


Lgm—(X—z)[1, 8]»:-(Y-V)[1. 8],.+-(2-a)[1. 8]. , 
L,=(X—2)[1, 2], : + (Y-+)[1, 2] eet (Z—a)[1, 2) ee 


5. The Conicoid of Osculation. 


In the same manner the equation of the osculating conicoid toa 
curve in three-dimensional space can be written as 


ÇÊ eS kêy axaaa — ,l[ Y-y)(2-3)».:::::::-:::.:5r.uuu (X—z),....=0 






UNE ‘elbchapcaesbactces? J Dz 
TAE. Sû bl Çuka kesa ke e XWA SIGUE. | Vixiesisesviesiuri ien D?z 
a ae s 9DyD?s € 9D? yDs, ......... : D*?zs,... 


I8 DzD?z -- 6D?zD?z,...4DyD?y 60D? yD?y + AD? yDa,...D*z,... 


16 DzD'z - 56D?zD*z -- etc., BDyD' z - 28D?yD*s +56D* yD?z 


+ etc., ...D3z,... 
If we multiply this by the transforming factor 


(2, 3]2,,. (2, 3]2, .. (2.3]2,,. 2[2.3]..[2. 8). 212, 8]. ,[2.8]«:: 


(8, 1],,[1, 2],.. LB, 1], 201s 24, * [8; 1]s «LI. 2] 
0, 0, 0, O, O0, 

2[9, 8], [2. 3]... 0, 0, 0 
0, (2: 8150, (25,55 [$5], 





DIFFERENTIAL GEOMETRY OF CURVES 189 
and write 
Lo, u (X-az)[2, 8),,+(Y¥—y)[2, 8), * (£—2)[2, 8];, 
Ly, =(X—z)(8, 1], + (Y—y)[8. 1]. (£—3)[8. 1],, 
Lıaa(X-a)LI, 2),,+(X—y)[1, 2],.+(Z—2)[1, 2],, 
we get, by using the reducing formulse 
[m, n, p] # [m, n],, D^z * [m, n), ,D^y* [m, n] «„D?# 
[m, n, p][r, «, 4] + [m, n. a][r. #, p] 
z2[m, n], ,[r. 1], , D'zD?z +... 
[[m, n], [r. t] tim, n], [n ı]..HD”yD'a+ D'sD*y]* ... 


the following determinant equation 


Las Li ı 
0 0 
2[1, 2, 3]? Û 
Ü 0 
0 o[1, 2. 3]? 
10[1, 2, 3] (2, 3, 4] 0 
12[1, 2, 4][2, 3, 5] —80[1, 2, 3] (1, 3, 4] 
14 [1, 2, 8] [2, 3. 6] —42[1, 2, 3] (1. 3, 5] 
16[1, 2, 31[2, 3, 7] * 70[2, 8, 4]? , —56[1, 2, 8] [1, 8, 6] + 70[1, 3, 4]?, 
Lia 
0 
0 
0 
0 
0 
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20[1, 2, 8)? x 

70[1, 2, 3][1. 2, 4] 

" 112[1, 2, 3] (1, 2, 5] +70[1, 2. 4]? 

00 Lala 

Lê 0 ; 

| 0 
A a 3[1, 2, 3]? 


—6[1, 2, 8][1, 3, 5] « 15[1, 2, 3][2, 3, 4] 
—T[1, 2, 8][1. 3, 6] +21[1, 2. 8][2, 8, 5] 
—B[1, 2, 3] (1. 8, 7] +28[1. 2, 3][2, 3, 6] —7O[1, 3, 4][2, 3, 4], 





J 

Lylis | 
0 | "m 
0 . Wd 
E m 
ê Tnê „ê 
10[1, 2, 8)? — 
15[1, 2, 8] (1. 2, 4] f LA | | 
m. 2. 8][ı, 2, 5]--85[1, 2, 8][1, 3, 4] * a 


2a[1. 2, 8] [1, 2, 6]—50[1, 2, 3] (1, 8,5] —70[1, 2, 4][1, 3, 4], 







— a, 9] 2.4] MO. | Mê 
6 i nue * ^ 


= A E e —— 1 m. <a 2 D 2 — z ù 
j i Nes T " 8 j -» 4 
d J» m —— `+ 2 e ae oe ~~ ù 
4 iT 4 - 2929. LA s ^" PN pē Ta = ewê 
) > ) " | | 70 | 
i | Nd N Vg 35. i. 
| — E a 
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H Lgs Ls) 
— £32, 8) 0 
0 [1, 2, 3] 
| | 0 0 [1, 2, 8] 
| > [23,4] | -[1.3,4]. [1,2,4] 


[2, 3, 5), —[1, 3, 5], [1, 2, 5] 

[2,3,6],  -[L5&6]  [n26]| 
(3.8.7), | -[557] [1.27] 
[23,8],  -(188] [12,8] 








7 "a To simplify this equation we may take the third intrinsic 
ê parameter 8, to be the independent variable t. Then because 


I 2, 3]* 













we have | | 
⸗ [1, 2, 8] zz] D[1, 2. 8] - [1, 2, 4] zm € i 
-—— (4 © TE we call [1, 3, 4] 2 —1 and (2, 3, 4]<-J 
E à all the other parametric co-efficients of class 8 can be calculated 
|. im terms of I and J, and their derivatives with respect to 8y. . 
- The formulae for calculation of the parametric co-efficients 
of class three are 
) 
F (1, 2, n *1]2D[1, 2, n] — [1, 3, n] 
[2, 8, n 1] 2 D[2, 8, n] — [2. 4. n] 
[1, 8, n+1]-D[1, 3, n] — [2, 3, n] ^r [1, 4, n] 











192 GEOMETRICAL PAPERS 
which are particular cases of the general formula 
[9, 8, 1. ], (1, 51, U, 9, 0] 
- [l, m, n] [1 2, 3]*2| [2, 3, m], (1, 8, m]. [1. 2, m] 
[2, 8, n], [l. 8, 5 ], [1, 2. n] 


If the independent variable be the third intrinsic parameter 4;. 
then 


[1, 3, 8]<1, [1,2,4]=0, [1,3,4]9—1 
[3, 8, 4] 2» — 7, therefore [1, 4, n] 21 (1, 2, n] 
and (2, 4, n] 2J [1, 2, n]. 


By the above formulae we obtain the following table of values of 
the parametric co-efficients of class 3: — 


[,2,9]-1 (1, 2,5)=2 (1, 2, 6]-21'-J 

[1,2,4]=0 [2, 8, 5]-J' (2, 8, 6] 2 —J"—IJ 

[.3,4]--I [ı, 3, 5]--1'+J — [1, 8, 6J= -I" 12 + 27" 

[23, 3. 4]--J (1,4, 5] 51? (1, 4, 6] 22 I" -1J 
[2. 4,5] IJ (2, 4, 6] 22 1/J —J? 


e o. 


[1, 2, 7] 23 1I" -3 J'+ I? 
2, 8, 7]- - 7" —8 1H - 1 + J* 
(1, 8, 7] 2 - 1I! —4 II' + BU" + 21J 
[1, 4, 7] - SII" —9 1J* 13 
[2, 4, 7]=8 1^] -3 JJ + IJ 
[1, 2,8] -4 1! —6 J" & 6 II -2 IJ 
[2, 3, 8] » —4**—6 IJ -4 I - 17" + 51J!—12J 
[1, 8,8] —1** «4 J" -4I2 —7 II" «5 lJ 6 I-J?" 
(1, 4, 8] 24 I"1—6 "146 I—9 17 
[2, 4, 8] 24 1"J—6 J'J +6 11] —9 1J* 
and so on, 
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+ 


The equation of the osculating conicoid is simplified if we take- da Per 
as the independent variable and substitute the values of the & 
parametric co-efficients from the above table. ^ 


Il. Appiication TO PLANE Curves, 


1. Definitions and General Relations. 


Suppose z, y are the co-ordinates of a point P of a plane curve 
defined by 





zz F, (t) and y F, (t), 


where F, and Fo are given functions of the parameter f. 
Then. if D"a and D*y bethe n derivatives of æ and y with 
respect to t, 


D"z D"z- D"y D"y=(m, n) 
and i x 

D"z D"y—D"z D^yg[m, n] 
where (m, n) and [m. n] are parametric co-efficients of classes 1 and Ji i 
2, respectively. We bave (m,n)=(n, m) and (m, m)=0. +; 


Also [m, n] [p, 4] 2| (m, p). (m. q) 


(n, p). (n. 9) . 





Whence [m, n] [1, 2] 2 U. m) (2, n)-(1, n) (2, m) and [m, n]* 


z (m, m) (n, n) —(m, n)*. 
If we multiply together the matrices 
] D'z, D'y | and , D”z, D”y , we get 
D"z, D"y D?z, D'y 
D'z, D'y | Dz, Dy 
(t ph (L ah © r) -0, 
(m, p). (m, g), (m, r) 
| (m p (n. q). (h r) 


-Das 
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From which, putting m=1, n=2, q «1, r=2 


we got 
(l, p) [1, 2]? (1, !)(1. p) (2, 2)+ (2, I) (2, p) (1, 1) 


- 1(1. 1) (2. p)+ (2, D) (1, p)} Cy 2), 
Also by expanding the determinant we have, 


(!, p) [m, n] [q. r] * (m. p) [n. 1] [q. r] * (n. p) [l m] [g, r] 40 


or, (l, p) [m, n] + (m, p) [n. 1] - (n, p) [l m] 20 
whence (l, p) [1, 2] - [1.1] (2, p) - [2 1] (1, p) 
and (1, 1) [m, n] < [1. n] (1, m) - [1,m] (1, n). 


If we multiply together the matrices 


D'z, —D'y | and | D”y, D?z | we get 
D"z, —D"y D*y, D*z 
D"y, D"r Dry, D'z 








[. p] [ q] [L r] |=0 

[m, p], [m, q], [m. n] 

(n, p) (n. q), (n, r) 

and if we multiply together the matrices 

—D'y, D'z | and | D?z, D"y 
D"z, D™y | D*z, D*y 
D"z, D"y D'z, Dry 
[ pl. (b a) [b 7] 
(m, p ), (m, q ), (m, n, ) 
(n. p) (n q) (m r) 
where, if we put m-1, n=2, q—1, r=2 we get 


» we get 





=() 





[L p] (1, 2]?-1[ı, ı] (2.p)+ [3.1] (1, p)) (1, 2) 
-[1, !] (1, p) (2, 2)—[2, 1] (2, p) (1, 1). 
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Also, by expanding the determinant, we have 
[^ p] [m, n] [q. r]+ [t q] (m.n) [r P]+[l. 7) [m n] Ep. d<0. 
or ( p) (a. 7] * [^ a] Er n]+ [i.r] [p 2] <0 
whence, [!, p] [1, 2] 2 E. 1) [2. p] - (I. p] [2. t]. 
If we multiply together the matrices 
—D'y, D'z , and | —D"y, D^z | we get 
D"r, Dev D*?z. D*y 
D"z, D"y D'z, D'y 
-(L pL 4) [L r] j-0 
[m, p]. (m, q) (m, 7) 
[n p] (m 4) (n. r) 
where if we put m1, n=2, q=1, r=2, we get 
(!, p) (1, 22 [1, 1] [ı. p] (2, 2)+ [2, !] (2. p] (1. 1) 
—{[1, 1] (2, p) [2. 1] [L PI} (1. 2). 


nil - Finally if we multiply together the matrices 


—D'y. D'z| and; D”z, D^y, , we get 
D*s, D*y —D*y, D'r 
D"z, D,Y —D*'y, D'z 
—[L p], (. 9). Gr) 
| (m. p) Em. a]. Em. r] 

(m, p). (n. q). [m r] 
where if we put m=1, n=2, g=1, 772, we get 
o (I. p) (1,2] e 0. N Q. p) - 0. p) (2. D 
a relation otherwise evident. 
| A 1 — 

| il : 
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2, Working Formulae. 
All the other parametric co-efficients can bo easily calculated. 
if we know (1. 1) and (2, 2), and therefore (1. 2), (1, 8), [1, 2]. (2. 3) 
and [2, 3]. 
For D(1, 1) -2(1, 3), [1. 2]? (1, 1) (3, 22 - (1, 2)?, 
D(2, 2)=2(2, 3), Dil, 2) z (1, 3) - (2, 2) 
and [1, 3] [2, 3] =(1, 2) (2, 3) —(1, 3) (2. 2). 


The following set of formulae, which we may call the first set, 
will be found useful for general purposes. 


Suppose we have calculated (1, n) and [1, n] for all values of 
n from 1 to n; then we can calculate (r, s) and [r. s], for values 
of r and s not exceeding n, from 


(r, a) (1. 1) z (1, r) (1, 2) +[1, r] [1, 8] 
and [r, 3] (1, 1)-(1. r) [1. 4] — (1. 8) (1, r]. 
We can next calculate (1, n -- 1) and [1, n - 1] from 
(1, n +1)--D(1, n) —(2, n) 
[1, n * 1] 2 D[1, n] — [2, n] 
where 
(2, n) - ((1, 2) (1, n) - [1, 2j (1, n])/(1, 1) 
and [2, n] ((L, 2) [1, »]—[1, 2] (1, 5))/(1, 1) 


The following set of formulas, which we may call the second 
sot, are also useful, and specially so, in certain casos. 


Suppose we have calculated [1, n] and [2, n] for all values 
of n from 1 to n. Then we can calculate [r,s] for values of r 
and a not exceeding n, from 


[r, *] 2 ([1. r] (2, 3] - [2. r1 [1, »])/[1, 2]. 
We can next calculate [1, n 1] and (2, n+1] 


from 
[1, n+1]=D[1, n]—[2, n] 


and [2, n+1)=D[2, n] - [8. n] 


% 
p= 
V 








where 
[3, n]={[1, 8] (2. n]--[2, 8] [ı. n]}/[1, 2]. 
Subsequently we can calculate (1, n) (2, n) and (r, a) from 
(1, n) [1, 2] 5 (1, 2) [1, n] — (1, 1) (2, n] 


(2, n) (1, 2] 2 (2, 2) [1. »] —(1, 2) [2, n] 
and 


[1, 2]?(r, s) 2 (1. r] [1, a] (2, 2) * [2. r] [2, s] (1, 1) 
—{[1, r] [2. 3] B1. a] (2, r]! (1, 2) 


The following set of formulae, which we may call the third set, 
may also be used, 

Suppose we have calculated (1, n) and (2, n) for all values of 
n from 1 ton. Then we can calculate (r, s) and [r.s] for values 





of r and s not exceeding n, from i . 
[1, 2]?(r, s)-(1, r) (1, a) (2, 2)+ (2, r) (2, s) (1, 1) | e ^ 
—{(1, r) (2, s)+ (1, a) (2, r)) (1, 2) : | 
ad — [rs]ge f(1, ) (2. #)-(1, 9) (2, ))/ [1 2]. 
We can next calculate (1. n4 1) and (2, n 1), from 
(1, n4- 1) 2 D(1, n) —(2, n) 
and (2. n+1)- D(2, n) — (8, n) * 
where 


(3, n) = [2 8]. N D. 3] (1. n) 


8. When the first intrinsic parameter (s,) Is the independent 
varlable t. 


In this — since (1, y= a], we have (1, 1)=1, 


(1, 2)=0 for D(1, 1)=2(1, 3). 


Also [1, aims where i ai- 
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Now, if we use the first seb of formulae, we get 
(2,n)={(1,2)(1, n) + [1, 2][1, n]}/(1, 1) <r[1.n] 
[2, n]- 1(1. 2) [1. n] - (1. 2]1, n)}/(1, 1) -r(1l, n). 


Therefore 
(2, 2)=r?, (1, 3)- D(1, 2) - (2, 2) -r? 


(2, 8) &rr', for D(2. 2) 2(3, 8) 
(1, 3] - D[1, 2]=r’, (2, 3] 2 -r(1, 3) «r3 
(8, n) 2 ((1, 8)(L, n) * [1, 3][1, n]! /(1. 1) -r?(1, n)+r'[1, n] 
[3, nJ={(L, 8) (1, n]- [1. 3] (1. n)J/(1, 1) —7?[1, n]--r'(1, n) 


so that we cau at once write down the series (2, n), [2, n]. (3, n). 
[3, n] if we calculate the series (1, n) and (1, n]. 

The values of the series (1, n), [1, »], calculated from the first 
set of formulae, are 


(1, 1)21, (1, 2]-r, (1, 2)=0 
(1, 3)=—r®, [1, 3] 9 
(1, 4)2 -3rr', [1, 4] 2 r7 — 7? 
(1, 5)- -4rr'!-9r'? + r*, (1, 5] =r" — or? 
(1, 6) 2 - §rr!!! -10r'r'! + 10r3r' 
" (1, 6] 2 r! * -10r?r/ — 15rr? +r’ 
(1, 7)2 —6rr! * - 15r — 107"? + 20r? 7"! 457? 12 — r“ 
1, 7] 2r* — 15r? —OG0rr'r! + 15r*r — 157? 
(1, 8)- -7rr" -21r'r' * —85r'r + 85r? pr! + 210r? r^r! + 105rr'? — 217517 
(1, 8] 2 r* ! 2 21r?r' * = 105rr'r''! — 70r? — 1057? 5"! + 35r^r!! + 
l0or?r'? — 7? 
(1, 9) & —Brr* f -28r'r* —56rr! * + 50r?r'!* — Bor"! + 42079 ph ptt + 
280r*1!? + 840rr'?r'! — Grr" + 106r * -210rr'? + 7^ 
[1, 9] 9 r* ' ! —28r?r* — 168rr'r! * -280rr'/r'!! - 21072 p — 210752 
+ TOr*r" + BOOr? rr! + 4201? p? —28r5r/, and so on, 
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4, When the second intrinsic parameter s, is taken as the in- 
dependent variable f. 
In this case, since 


[1, jj = dia 75,* —]1, we have (1, 2]-1 and [1, 3]- D[1, 2]-0. 

Also, since " — 2]-p, where p is radius of curvature, we 
have (1, 1) p3, 

Again, since (3[1, 2] (1, 2)—[1, 3](1, 1)}/8[1, 2]*=tan ê, where 
ê is the angle of aberrancy (vide A General Theory of Osculating 


Conies, Second Paper), we have (1, 2)=tan 4, and because (1, 1) 
(2, 2)- [1, 2]?-- (1, 2)2, we have (2, 2)- (tan? +1)p—t=sec* 3p—1. 


Also beeause {5[1, 2] [1, 4] —5[1, 3]?  12[1, 2] (2, 3]])/9[1, 2]1 
- lab)-4, where a, b are the semi-axes of the oaculating conie (vide 
A General Theory of Osculating Conies, Second Paper), we have 


3[1, 4] + 12[2, 3] —9(a5) ^! 
But[1, 4] + [2, 3] 2 D[1. 3] 20 
therefore [2, 3] 2 — [1, 1] (a5)! =], suppose. 


- If we use the second set of formulae we have 


[3, n] - ([1, 3] [2, n] - [2. 8][1, n]}/ [1L 2] 2 —I[1n] 


- Therefore, starting from (1, 2] <1, [1, 3] 20, [2, 3] 2 7, [1, 4] 2 —1, 


we oan calculate all the parametric co-efficients of class 2. 
The parametric co-efBcients of class 1 are then determined from 


(1, n) 2 ((. 3)[1, n] — (1, 1) [2. n]]/ [1 2] 
(2, n)={(2, 2) [1, n]— (1, 2)[2, n])/ [1. 2] 
and [1, 2]*(r, s) — [1, r] (lee) (2, 2 [2, r][2, s] (1. 1) 
-f[ı. r] (2, 8] - 1. a][2. r]) (1. 2) 
(1, n) [1. n] tan $— [2, n]! 
(2, n) 2 [1, n] sec? 8 ^ 3— [2, n] tanê 
and (r, „en. r] [1,a] sec? 6 »73— [2, r][2, s] p! 


- [[1, 7] [2, 24] + [1, «][2, r]] tan ê. 
26 


which give 
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The values of the series (1. n], [2, n], calculated from the second 
set of formulae and expressed in terms of 1 and its derivatives with 
respect to #9, are given in tho following table which may be easily 
extended as far as one wishes. The series [3, n] is at once obtained 
from the formula 


[3, n] 4 —1 [1, n] 
and the series [r, n ; can be calculated from 
Ir, n] 7 (fL, r] [2, n] - [2, r] [1. n]!/[1. 2]. 
[1, 2]2«1, [1.8] —0, [2, 3] 1 
[1, 4] - 1, [2, 4] 5 1' 
(1, 5] -2r', (2, 5] 9 1 1? 
[1, 6] 5 —31" +77, (2, 6] 2 1" —4 II 
[1, 7] 2 —41" +610, (ù, 7] 3 1'* -7 II^ —4 [02 3. ]3 
[1, 8] 2 —5 1/* & 13 II 410 12 — ]? 
[2, 8]21* —11 II" —15 I! I? 4-9 [? 1! 
[1, 09] 5 —6 I* +24 IP" - 48 1' 1" —12 I? I' 


[2, 9] 2 1*' —16 I1'* —26 I I" —15 1I"? -22 I? [" +28 I1'2 —]4 
and 60 OD. 


B. Expressions for the length of a Chord. 


Let P, and P}, be two points on the curve corresponding to 
values o and t of the parameter. Let the co-ordinates of P, and P, 
be (£o, ys) and (zı. yi). 

Then, evidently 


(zi =z.) Dr (y1—ys)Dy 
— (1, 1) t+ (1,2) t2/214+ (1, 8) 9/314 (L, 4) 4/414 ete. 
and (y,—y.) Dz—(z,—z,) Dy 
z [1. 2] (2/21 (1, 8] t?/31 4 (1, 4] (*/4 14 ete, 
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Similarly, if (x,’, y,') and (ts. y,) be the co-ordinates of two 
points P', and P,-on the curve corresponding to values—t and o of 
the parameter, then 


(Zı'-r.)Dz+ (yy! - y.)Dy 
=—(1, 1) t (1, 2) 12/21— (1, 3) 09/314 (L, 4) t4/41-ete. 
and (Yi 7 yJDz-—(7,'—2z,)Dy 


- [1, 2) 12/21— (1, 3] t^/31« (1, 4]t* /4!—eto. 
Therefore 
MG -zı') Dz + (y, -yı') Dy} 


z (1, 1) t (1, 3) t*J8! - (1, 5) t9/51-- eto. 
and Míyi—yi)Dz— (z,— ,') Dy] 
=[1, 8) t*/3! 4 [1, 5]t5/5! - ete. 
If L be the length of the chord P, P," then 
(1, 1) L?- ((z4 —2,) Dr (yy =y’) Dy)? 
+l0ı-yı)Dz-(zı-zı')Du)? 
whence, after simplifications, we have 
L?/4 t2=(1, 1) +2(1, 3)t2/3!+2(1, 5) (5/514 (8, 83)t4/31 81 


* 2(1, 7) t9/71+2(8, 5) 16/31 51+2 (1, 9) t5/91 
+2(3, 7) 15/8! 71+(5, 5) (8/51 51+ ete, 


Whence again, after extraction of square root and simplifications, 
we have 


i t= (1, 3) t4 (1. 5)(1, 1) all: 3]? 
L/2 t (1, 1) 521+771) TI“ hl, ju 5! sis | 


6 1)2 .g])2 
t (1, „ 0.3 Ls 1, 1) a , 8) [1. 8] 


* i, ip? jT 813131 


48 dem dp )* .(1, LI, s 5] jd: Sn. Sr. 1) 
+7 ie 1 des ve +4 


E U F210: 2) (1, n. na, ı2 ,(, 8)? 1, Ju 


13131 3131313 





| ;, 9|* 
-p tt} + etc, 
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If the independent variable (!) be the second intrinsic parameter 
14, then [1, 3]=0, therefore the expression for L reduces to 


Pa E: t® (1.8)... (1,8) 19 — (1.5) 
At) 1t 3 sà31 *d0.) 5! * Q.D 7» te 


or 


‘ tg? 4h 2 tan Soph MT), Y 
> 251 UE 1 A 51 21 + ete. 


where 24, is the length of the second intrinsic parameter from P,’ 
to P4, the initial point P, from which s, is measured being so situ- 
ated as to bisect 2ra. 


If the independent varinble be the first intrinsic parameter s4, 
namely, arc-length, then the expression for L becomes 


L/2s, z1-—38?7:2/6- 2,1 (Bri —4r'* — 12rr/^) /360+ etc. 
If we write a for the entire arc P,'P, which is 2aı. we have 
L:-s—3?:2/24 55 (3r^--4r'2--12rr') / 57604 etc. 


If we shift the origin of s to any arbitrary point on the aro so that 
the arc distances to P,' and P, are 2,’ and 4,, then 


$28, =; 


and the arc distance of the old origin from the new is (1,  4,")/2. E 
Therefore 


s(n) -ELp fre tt pes 
+( tt ) »*e5i2«( nAn’ Y'p*etysteete. } 
eor fe r*—4 2—12 rı) 
+A ti p(gecca r'?-19 rı!) eto, } + eto. 


Note.—Theo exprossion for L in terms of the arc is caloulated in 
some text books (vide Caleu! Differentiel par J. Bertrand) to a 
few terms, but the method is less general. 
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Let z, y be a given point on a curve and X, Y another point so 
that the value of the second intrinsic parameter from the first to the 


second point is $4. Then, if we write 


and 
Lny-9352 = — 
we have 2 a? sí 
Lı a[1, 2]-2-+[1. s)-2 +[1, 4]-41- * ete. 
L= —|1, 2Ja„+ [2, a} 22+ [2 4}*8 + ete. 
or, 


L , =8%/2!—La%/4!—2/'s5,/5!—(3]" —1*)04,/6! 
— (4l'"-6Il')a?„[11-(5LI'* —1811" —10]'2 + 13)55, j8! 
— (61° —241I"! —48]'1" + 121?1/)8*,/9 | — etc. 
Laz - 89+ lag |! - Dag (41+ (I — 120 /5! 
(I! 2411/85, 61 4 (I* * — 1I" —AT2  1?)a /7! 
(I' -1HI" —15II" +9271) 68/81  (I* * - 101I'* 


—26I'1'! —15]"? + 22721" + 28112 —1*)a? /0 ! + ale. 
Whence, 


and 


L2=6s4/4!—301ef/61—841's 7/7! 
— (1687 —12012)a/8 |— (2831! —93811^)a f /91 + ete. 
Lê 908 /6 | —126013 9 /8 |—45361's) /9 | + ete, 


LP=2eP/21—Bleg/4!—10l'af /51—(121"—821*) sf /6! 


— (14J''--12011')ağ [1 1— (101* * —2241I" —19412 + 
1281*)4 5/8! 
—(18I* —36611'" —522I'I + 108012 I')a2 /9 | —etc. 
SmL2-—92L,-*IL$?--—0l25 [51—61"s7 6] —(0/! — 
30157 /7! 
— (BI * —801]" — 1141/2)g /8 I — (01 * —4261'1" — 3011" + 
1261? Ia /9 | + etc. 
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So that S=O is the equation of the osculating conic and [=0, 
I! — 0, are respectively the differential equations of the parabola and 


general conic respectively. 

L,8- —190I'2 /7!—16081"s f /81--(2161''--1830/1')a j /0 | —etc. 

L48 —801's j [0 | +42I"ağ /71 + (48I"' —5761]')a5 |81 
(541! * — 774" —1782]?)84 [9] + ete. 
Therefore W,2—51"L,S - 0I ?L ? —15I/L48 
= — (72011 —8401"? —1080/1'?)4 f /81— (B107I' * — 
1080] I"! — 24301T'T" + 480J')a@ /9 | + etc. 

and — W,mT7l'(—1583I/'LP Ls —I"L fF) + 5(I" -01IP)L4,8 

. e (030I']* * —8401"I'" — 189011 I" + 109621 )sP [81 

(69011 * * — 10801? —3600/ I 1!" + 84650121" + 5240171") 
33 [9 ! + etc. 
Hence W4(630/'I'* —840]"]' — 18901 I' I" + 10902]'*) 
+ Wa (T20 P" —840]"? —108011'7) «0 
or, 7 (15I'1* * —20]" I" —4511' 1" + 2611?)W 4 
+ 20(6] 1" —7]72 —91I12)W 4,20 


is the equation of the osculating cubic. 
The differential equation of the general cubic is then 


21(151^1! * — 201" 1"! —4511'I" + 2611") (15]/ I1 * — 901" I 
—A5II'I? 4-91?) 
= 100(01 I! —71"3 —911'2) (71'I* —121"? —4111'1^" + 8851/2 ]" 
+ 361? 1I? 


The above direct forms and methods of deduction of the equation 
of the osculating cubic and the general differential equation of the 
cubic are interesting. 
. For the Laguerre-Forsyth forms see ''Projective Differential 
Geometry, eto." by Wilezynski. 


<= — 
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PARAMETRIC COEFFICIENTS IN THE DIFFERENTIAL 


GEOMETRY OF CURVES IN AN N-SPACE.! 
BY 


SYAMADAS MUEHOPADHYAYA. 


I. GENERAL CONCEPTIONS. 
1. Elementary Formulae of n-dimensional Geometry, ` — 


The methods explained in the following articles apply to a curve 
in space of any number of dimensions. A brief exposition, at the 
outset, of the fundamental conceptions of n-dimensional geometry, 
and the logical deduction of some of the elementary formulae, may 
not, therefore, be uninteresting or irrelevant. 

By an n-dimensional space, or an n-dimensional, is here meant an 
Euclidean space of n-dimensions, Through any two points of it can 
be defined n straight line, which lies entirely in the given n-dimen- 
sional, and through any point of it can be drawn a system of n axes, 
and only n, which are mutually orthogonal. 

The author believes that every geometry of an n-space, where in 
every infinitesimal portion Euclidean geometry holds, can be ima- 
gined as lying in an Euclidean space of a higher number of dimen- 
sions ; it may be of an infinite number of dimensions. From this 
point of view the study of Euclidean space of n-dimensions, leading 
finally to that of an Euclidean space of an infinite number of dirnen- 
sions, is of importance. Besides, the investigations in the following 
papers may, by the use of a suitable distance formula, bo adapted to 
any kind of non-Euclidean space, without insurmountable dificul- ` 
ties. 

In an n-dimensional there can be inscribed any number of lower 
dimensionals, Any two points of it determine a one-dimensional or 
straight lino, which may be called the join of the two pointe. The 


' From Bulletin, Caleutta Mathematical Society, Vol. I, No. 2, 1909, 
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join will generally mean the indefinite straight line through the two 
points. Finitely interpreted, it will mean the portion of it lying be- 
tween the two points. If a third point be taken outside this straight 
line and joined to every point of the straight line, the aggregate of 
straight lines, thus obtained, is a two-dimensional or plane, through 
the three given points. This plane will be called the join of the 
three given points. ‘The join will generally mean the indefinite plane 
through the three given points. Finitely interpreted it will moan the 
portion of the plane bounded by joins of the three points in pairs, 
By the axiom of Euclidean geometry, only one straight line can be 
drawn through the third point, in the given n-dimensional, parallel 
to the join of the fırat two. 

Similarly, if a fourth point be taken, outside the join of the first 
three points, the aggregate of straight lines from the fourth point to 
‘every point of the join of the first three, is a !hree-dimenaional, 
which may be called the join of the four given points. This join will 
generally mean the indefinitely extended three-dimensional, but, 
finitely interpreted, will mean the portion bounded by the joins of the 
four given points taken in threes. Through the fourth point there can 
be only one two-dimensional which is parallel to the join of the first 
three. This parallel two-dimensional is the aggregate of straight lines 
through the fourth point, parallel to all straight lines in the join of 
the first three points. 

Generally, an r-dimensional, where r is less than n, is determined 
as the join of r+1 given points, provided no two groups of pointa, 
taken from the given points, are con-joint, that is, determine the 
identical dimensional as their joins. Through the r+1‘* point, only 
one (r — 1)-dimensional can be drawn, parallel to the join of the first 


r pointe, This (r—1)-dimensional is the aggregate of all straight 


lines, through the r * 1*^ point, which are parallel to all straight lines 
in the join of the first r points, 
Of the n mutually orthogonal axes, through any point of an n- 


dimensional, any r axes determine an r-dimensional, which may be 


„ called the join of the r axes. If a plane be drawn through any two 
axes, all the remaining axes will be perpendicular to this plane, for a 


line is perpendicular to a plane if it is perpendicular to two straight 


lines in the plane, which are not parallel. Hence, if any two axes 
be replaced by two other axés, at right angles, in the same plane, the 
system of axes will continue to be mutually orthogonal. If ther 
axes be repeatedly varied in this way, they will have all possible posi- 


4 


WR. 
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tions in the r-dimensional, which they determine as their join. The 
join of any r axes is orthogonal to the join of the remaining m—r 
axes, for any straight line in the former is at right angles to any 
straight line in the latter. The two mutually orthogonal axial joins 
have only one point common, which is the origin. ee 

If P be a point outside an r-dimensional, contained in the n-di- 
mensional, then only one perpendicular can be drawn from P to the 
r-dimensional. For, if two perpendiculars PQ and PR were possible, 
then the join QR would bo in the r-dimensional, and PQR would be 
n plane triangle having two angles right angles, which is contrary to 
Euclidean geometry. The foot of the perpendicular from P on the 
r-dimensional may be called the projection of P on the r-dimensional. 
If any point be taken in the r-dimensional, and from it be drawn the 
(n — r)-dimensional orthogonal to the r-dimensional, then the point of 
intersection of the parallel (n—7)-dimensional through P, with the 
r-dimensional, is the projection of P on the latter. 

If PQ and L be any two straight lines in an n-dimensional, and P', 
Q' the projections of P, Q on L, then it follows that P'Q'- PQ cos 6, 
where # is the angle between the straight lines. For P' and Q' are 
the intersections with L, of two parallel (n — 1)-dimensionals, through 
P and Q, which are orthogonal to L. If through Q'be drawn Q'H, 
equal and parallel to QP, and PR and P'E be joined, then PQQ' is a 
parallelogram, Therefore, PR is parallel to QQ! and consequently 
lies in the parallel (n—1)-dimensional through P. Therefore, also 
P'R lies in the same (n—1)-dimensional and is, consequently, at 
right angles to P/Q’. Hence, P'Q'— Q'R cos 6=PQ cos 8, 

. Let P be a point in an n-dimensional and M,, Mg,M,.... M, its 
ber = 

projections on the n axes, mutually orthogonal, through any origin O, 
in the n-dimensional. Then OM,, OM ,.... OM, are the n co-ordinates 


‘of P, which may be denoted by zı, z9,..z,. If chain of lines 00, 


05...0, be drawn in the n-dimensional from the origin O, and if the 
successive links of this chain be equal and parallel to zı, z,...z, res- 

ectively, O, must coincide with P. For, the projection of this 
eain on the r'* axes is z,, and the projection of OP on the same axis 


“+ wis also r,. Therefore, the projection of PO,, which is the difference 


of these two projections, is nil, on the r'* axis, which may be any 


of the m axes. Hence PO, must either vanish or be perpendicular 
to each of the n axes. Butin an n-dimensional there cannot be 
more than n axes mutually orthogonal. Hence, P must coincide 
with Os. 


21 
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It follows that 
z,*+2,"+...+2,2=r° š 
U2 +lg?+...41,2=1 
where r is equal to OP and !,, ly..., |, are the direction cosines of OP 
with reference to the n axes. 
Also, 





ri! o08 O= 2424! + zar! or x aul 


where zı', zg',...z„' are the co-ordinates of any other point P’, r is 
equal to OP! and # is the angle POP". 

Let P, P', P", P!" be any four points in an n-dimensional, whose | 
co-ordinates are, respectively, | 


Mg) go. Sys zal 0,5; zı, za. un P s a Pg, P, P, 
Then, by squaring the matrix, 
vh umi! —2y, Te’ — gi see Te! — Te 
u 1" — 24, ze ze... Zazê 
— |= ap Zg" mtg .... zl mz, 
is obtained the identity 
(z,'-z,)?, š(z,'-z,)(z,"-z,), S(r,'-z,)(z,''-z,) 
à z,-z,)(z,'-z,), X(s,"-z,)*, I(r," 2) in," — n) "EE 
(z,'"-z,)(z,'-z,), Z(z," m, ) m," —2,) S(z,"'-z,)® +7 b 
See Ern 7r rara (2 
tq Bey Rea T Erga o, Tîra 


ri TER zava Fp ze, 
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ta Therefore, _ 
i ` K;,? —|l, cos PPP", cos P'PP" pp ppu? pps, 
| sP"PP', 1, cos PYPP 
4 P" PP!, coaP" PP", | 
m which shows that K,? is an invariant, independent of the origin and 
I orientation of the system of axes. K,? may be similarly defined, 
RM where r is not greater than n. 
: | If the system of n axes be so chosen, that the first three lic in 
* the join of P, P', P", P!'", and the rest are all perpendicular to this 


join, then all the co-ordinates of P, P', P", P'' vanish, except the 
first three. Hence in this case, 







K,*35-10,z,. Zê Za 
1, zah zy, Zaf | 
1. zı", zy", za" 
ck. 1, z4,"!, zy", zy" 
so that K, may be taken equal, in magnitude as well as sign, to 
Ejs Zar Za 
1, z,' Za Zs! 
, aş", xg, zs" 
a 1, zı", za", zs 


If, further, the first two axes be taken in tho join of P, P', P", then 
| ‘the third co-ordinates of these points also vanish, and the third 
4 co-ordinate zs" of P'' is the — h, from P" op the join of 
m Û lance; 

Ky=|l, zı ze 0 [=z], zy za j Koha 

J ay! zo! 0 1, x,' x,’ 

L, zı" ê za" „ 0 1, xy", ra 

1, ey”, za", £y 


. Bimilarly, tbe perpendicular h, to an (r—1)-dimensional, determined 
; ——- D — E 
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by r points in an n-dimensional, from an (r-- 1)'* point, is shown to 
be equal to K,/K,_,. Evidently, K,—1 and K,—PP'. 

Let P, P!, P", ..., P be any r+l points in an n-dimensional, 
U, the r-dimensional content of their join and U,., the (r— 1)-dimen- 
sional content of the join of the first r points. If the joins of pn 
with each of the first r points be divided in the same ratio, the join 
of the points of division will be an (r—1)-dimensional V,.,, parallel 
to U,-ı- Let the perpendicular from P' on V,_, be kh,, then the 
content of the join V, , will be k' ^! U,.,. 


às] 1 
Therefore, U, = | 7o animata, —J Uhr, 


ù « 0 o 


or, U, |/U,-ı «2 hr) K,'JE,-ı. 
Similarly, U,-1/U,-2=—, KIR a etc., 


and U, =PP'= Kı, therefore, U, = =K, 


2. Parametric Co-efficients defined in n-dimensional Space. 


Let the co-ordinates of a point P on a curve, in n-dimensional 
space, be zı. tgs .... Ta, with reference to n axes, mutually ortho- Sra RS 
gonal, through a given origin 0. Suppose zı, rg, ..., zr, are given 
functions of a parameter t, which are uniform, finite and continuous, 
within the limits of value considered of the parameter ! and are in- 
definitely derivable, 


If D represent the operator % then 


(mı, ma) n 2D 'z, Ds, r21,2, ois) n, 
will be called a Parametric Coefficient of Class 1. 
i Mr. W. J. C. Sharp, M.A., bas called the Gnite join of r*1 pointe a simpli- 


cissima of r-dimensions, after Sylvester, and bas investigated its properties, (Vide 
Proceedings of the London Mathematical Society, Vola. XVIII and XIX.) 














where rı =1, 2,... n, and ra <1, 2,..., n, (ri<ra). 
thon [m,, ma] will be called a Parametric Coefficient of Clase 8.. -— 

T B 

Similarly, if (m4, mg, m3]? zz D "by D a D Bias 2 U 







> 


D rs, D ZA "Zee, Ê 
ps, j Dî“. D. e VR 


where Tı — divus $ n; raz1, 2, +... n, ra z1, 2, over n, (ri <<ra<ra) 
then [mı, mg, ma] will be called a Paramotric Coefficient of Class 3, 
and | so on. 


"12,....D "t ' d ` 
Finally, [mı mg, ..m,]&|D TT" 5 
N ste bc ênc tı o e e cwê "ê " Bê 


jîr 
l 
Ev 
i 
i 
] - 
E 
A 
i 


















— 
will be called a Parametric Coefficient of Class n, or highest class. 


Further, if, : 
# P 
[mi ma | Py, Pol == D'z, De |D My i "s 


^ m D r 
1 2, | |D ! 2; 
D tr D ze. wal D ?z i 


where n=l, 2, .... n; Ta <1, 2. ..., M, (r rg), then [m4. malPı:Pa] 
will be called a Parametric Moment of Class 2, or moment of para- 
metric coefficients [mı, mg] and [pı: Pa]. 
Similarly, if 
[mı. ma, ma | Pi; Po Pal" 


P r P 
D "tz, D r, D "3z, Dis, D's, D:`"z, 
IC le 1I l. 1» 1 


mM 


"m. D F P 
D"iz, D'z, D "az, [|D tz, D tx, Dn, 


E. ^ ¬ r p P 
| | ? J 2 3 
D we D EWE Î D Kê D "rdi D "re. D XP 
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where rı <1, 2, ...n; rg=1, 3,....n; rg=l, 3, .... n, (r, <r,<ra) then 
[Mi ma, a | Py, Pa Pa] will be called a Parametric Moment of 
Class 3, or moment of the parametric coefficients [m,, mig, my] and 


[?ı. Pa Pa]. and so on. 
It is apparent that (m,, m,) and (m,, m,) may also be written 


as [m,]? and [m, | m,], respectively. 
Ifthe Coefficients be identical or of the highest class, their 
moment is equal to their product. 


Thus, [m,, mg | mı. mg]=[m,, mg]? 
and [Mis Migi My | Prs Pa.... Pa] 
- [mı TM givens ma ][Pı: Pa...» Pa]: 


These moments are expressible as simple determinant functions 
of parametric coefficients of Class 1. 


(mı. Py), (Mg, Py) 
(mı. Pa), (a, Pa) 


Thus, (mi: ma | P1. P3] 








[m;, ma, ms | Pı Pa P3] 7 (m4, Py), (mg, Py), (ma. pi) 
(mı, Pa), (ma, pa). (Ma: Pa) 


(mı, Ps). (Mg, ps), (ma, ps) 
and so on. 


Again, since for space of n-dimensions, parametric coefficients of 
a class higher than n, must vanish, it follows 


[mis ma... n..1]20, [Pi Pos P««1170, 


and, therefore, (m, pj)... (Masi Pı) =0, 


HP OCC ee Hee eR eee ee eo — 








(mı: Paet) (Mast: Pas 1) 


Ifthe parameter ! be supposed independent of the axes of co- 
ordinates, the parametric coefficients will be invariants. For, zı, £a, 
«Ty Aro the components of the position vector of P, and, conse- 
quently, their 7'* derivatives, D'z,, D'z,,..., D"z„. are the compo- 
nents of the vectors which represents the r'' rate of change of tho 
position-vector of P. It follows that the parametric coefficients of 
class 1 pre invariants, and as the higher parametric coefficients and 

























— j ‘ 
= 


moments are expressible in terms of parametric coeficients of class "c 
I, these also will be invariants. 

If through the point P, of the curve, a straight line PT, be drawn 
having direction cosines proportional to D'z4, D'z4,..., D'z,, then 
PT, may be called the r'^ variation aris of the curve at P, with — 
respect to the parameter t. The length of the r'^ variation axis may —- 
be taken equal to (r, ". but when length is not mentioned or im- 
plied, the 7^ variation axis will mean the indefinite straight line in - 
the direction PT ,. 

If PT,,, PT, 4, ete., be any number r, less than n, of variation — 
axes, and U, be the content of their join, then, evidently, 
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1 i” * 1 
Uy D Bs çevkeke) D Iz == Lea no, m]. 


provided, the first r co-ordinate sxes be taken in the join of the r 
variation axes, the remaining co-ordinate axes being perpendicular to [^ 
this join. The above equation fixes the sign of [m], Mgr. m,] and 
removes an ambiguity of sign, implied in ita definition. 


Hence, (mj, mg] =- [mg mı], 


[mı. mg, m3] 9 [mg, my, m,]=—[my, mg. mı], and so on. 


. 8. The m Intrinsic Parameters of a Curve and their Geometrical 
Interpretations. 
The firat intrinsic parameter of a curve in n-dimensional space 
may be defined as 


T « (1, phat 


to 


, 
The second intrinsic parameter may be defined as #a- J [1, 2)24. 
to 
. 


The third intrinsic parameter may be defined as sy — f [1, 2, 8] tat 
to 
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2 
The n'* intrinsic parameter is n=f (1, 3, 8,..., n] AW ES di 
to 
A plane curve has only two intrinsic parameters s, and sg, and a 
curve in space only three, #,, 15 and 84, 


Let Po and P be points on the curve, corresponding to values ty 
and t of the parameter f. Take a large number N, of consecutive 
points on the curve from P, to P, corresponding to equal small in- 
crements éf of t, so that Nit=t—f,. Then if (zı. z5,..., r,) and 
(xz, +êzı. Zo + êro...., x, + &r„) be the co-ordinates of any two conse- 
cutive points P,, P,.,, the length of chord P, P,,ı is 


(52,9 + (Bry)? +... (82, )1)! 
and the sum of the lengths of N such chords is 


*l(z,)?+ (825)? +... + (62,)2)] 2 Gy «Ge. : 


+ =) ! SA 


This sum has in general a limiting value, when N is infinitely 
Î 
large, which may be written as J (3945 and which is, Guecetêkê: 
to 


the first intrinsic parameter s,. The first intrinsic parameter is evi- 
dently the same as arc-length a. 

Again it P,, P..,, Preg be any three consecutive points on the 
curve, corresponding to equal small increments ôt of t, then if z}, 
Zass. Xa be the co-ordinates of Pu, those of P,,, and P,, will bo 

tı + êz; Zo + Urs... Ta + êz « 
and T1 + 25r, +8%x,, Fo +253ra tb Tg Ta + 23x5, + êz. 


Hence, the projection of the area 5U, of the triangle P, P,,ı P«+a 


a" 
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on the plane of the axes ry Tr, is 


1 ls T, f, 
2 Û 2 
214. rz, +êz, , z, +82, 
t 1 2 2 
l, zr, +282, +8%z, , z, +28x, +822, 
i i i 2 2 ê 
bz, êr, BP 
— — 
dt êt 
-ٌ J 
2! ê?z,, Slr, 
di3 ^ «Bt? 





Dz, | Dz, ate, 
Dir, , D*x, 
1 2 


P t P 
so that GU) o lf [ı, 213 dt, or, 200! f acp! 
P, te P, 


1 
Therefore (BU „)? ae OLE = 


P 
Similarly, s, (3)5) @U,)4, 
P, 


where 8U, is the volume of the join of four consecutive points, and 
80 on. 
2 P x m 
— n . Tir 1) 
The r'^ intrinsic parameter a, = (r !)” (8U,) 
P, 
where 8U, is the content of the join of r+ 1 consecutive points. 

It will appear from the above geometrical interpretations that 
the n quantities 41, 49) 8s... fu are intrinsically connected with the 
ourve, and give, as it were, its measure in, respectively, one, two...., 
n dimensions, The values of #,, 3g: şı: fa are independent of the 
system of axes chosen and of the parameter t and only vary with the 


positions of Po and P on the curve. The ^ co-ordinates of a point P 
on the curve may be expressed as functions of any one of these para- 


meters. Any n—1 independent equations between these intrinsic 


parameters will determine a curve in n-dimensional space, intrinsi- 


28 i 
T ûr 


t 
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If to any point on an n-dimensional curve, correspond a point 
on a straight line, such that the first intrinsic parameter is the same 
for both, between pairs of corresponding points, then the straight 

e line is the rectification of the curve. Again, if to any point on an 
n-dimensional curve correspond a point on a plane curve, such that 
the first two intrinsic parameters ore the same for both, between 
pairs of corresponding points, then the latter may be called the 
planification of the curve, or rectification in two dimensions, Rectifica- 
tion in three and higher dimensions may be similarly defined. In the 
planification of a three-dimensional curve, each element may be 
conceived to turn about a consecutive element as an axis, maintain- 
ing the angle between them constant. If a model of the curve be 
constructed of consecutive rigid links ABC, BCD, CDE, etc., slightly 
bent at B, C, D, eto., and if the common parts BC, CD, ete, be 
pivoted into each other, the process of planification can be mechani- 
cally exhibited. 


&, The m—1 radili of intrinsic ouryature of a curve in n- 
dimensional space, 


If sı, #g,..., @ be the n intrinsic parameters, then 


cê eS 
beq, 03, 2 - [1,213 e, efi, 2, Jmm 





The radius of first intrinsic curvature may be defined as 


3 
Pi -(-) if , that of second intrinsic curvature, as pg= 


qer îm (Êê n + and so on. 


The radius of n —1'^ intrinsic curvature is 





in “f ê a kaka ay dd A af eto., are obviously of the first degree in 
| length. It is easily shewn that the first radius of intrinsic curvature 
represents tho radius of a circle through three consecutive points, ~ 
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For, if P, P', P" be three consecutive points, whose co-ordinates are 
rı: Zg,.:.ı Znj £j FOL > Za FOr yrs.) Za Ora; zı tti ti Ta 
ro + Brg + ê"z...... z, +23z„ + ê?za; 


then the radius p of the circle circumscribing PPP" is PP! „ PIP" , 
P''P |4U „ where U is the area of triangle PP'P", 


But PP'— (S(5z)2)3 — (1, 1)%8t, ultimately, P'P" = PP!, PP! =2PP! 
ultimately, and 4U,=2[1, 2]5t*, ultimately. 


_ (1, 1)3_ 


Therefore, PIA - Pre š 


The higher intrinsic parameters are expressible in terms of the 
first intrinsic parameter and the radii of intrinsic curvature, 


-1 da 
dt ? 


For, (1, ier =o : [1 2] 2p, ^ (1, 1)2-pı 
(1,2, 3825,75 (1, 2325173 s^? %: 
î P 


Therefore, ûe) [1, a]a- | ni. de 


m e P, 


ê 
Similarly, 8347 | 1, 2, T 7h. tde 


la Po 
- PET ê | Uc 
and in [1, ` HEWRA S ladan di: | P1 giz, AES nin + 1) ds. 
te fo 


The invariance of sa, #s»-.., #„ is, therefore, connected with the 
invariance Of Py: Pa:-P“-1 and s. 
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5. The n principal axes of a curv e, in n-dimensional space. 


If through any point P of a curve, in n-dimensional space, be 
drawn the firat r variation axes, where ris less than n, then the 
r-dimensional determined as their join may be called the r-dimensional 
extension of the curve at P. Thus the first variation axis or tangent 
is the rectilinear extension of the curve and the osculating plane, 
which is the join of the first two variation axes, is the plane extension. 

Let zı, £g.» #4 be the co-ordinates of any point Q in the 
r-dimensional extension of the curve at P. Let aj,..., a, be the 
co-ordinates of Q, referred to the first r variation axes at P. Then 


Xı-zı 2a,Dz,/(L, 18 * a, D?z, /(2, 2 4... o, D'z, | (r, r)! 
=(C,Dz,+C,D%z,+...+C,D'2, 

where Cı. Dun C, are arbitrary constants. 
Similarly. X$4—724-7C4, Dz * C4D?z, & ..- C,D'z, 

Xa ~za =C; Dz, * C4D?z, +..+C,D'z, 
Hence, the equations of the r-dimensional extension are 

XA ~~ zy, Xg—24... X_,—2, [1—0, 
Dz, D&s,..+  Dz, 


D*z,, -D?za,..+ Diza 


It is easily seen that the r-dimensional extension is the join of 
r+1 consecutive points on the curve, For, if (zı. Zase z4). (Zı': £9, 
„up. Dahisi (x, (9), BLO, @„(r)), be the co-ordinates of any r+1 
points and Xı, Xg,.,, X, be the co-ordinates of any point in their 

X,=2, + A, (2-2) + Ag(z,"—22,'+2,)+..+4,(2,)—ra,(r-) 
+ &o,), because, on the right-hand side, the sum of the coefficients of 
EU &4^ z, (6) is, obviously, unity, and thoy, involve r arbitrary con- 
stants Ay, Agnes År 





jê 

Ù 

te: `® 
. 
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If the r+1 points be consecutive, then the above equation 
becomes 


X =x, + Aybr, Ago? rz, +.. + 4,ê"zı 
=r) + C4 Dz, * C3D?z, T. *C,D'z, 
where C,=LtA,ét, C47 LtA$4609,..., C, z LtÃ ,ãrt. 


Birnilarly, X42z34* C4,Dz4 * C4D?z4 „+C, D'a 


X,=2, +C,Dz, +CgD%z, * .. € C,D'z, 


Hence, the r-dimensional extension embraces r * 1 consecutive points 
and has, therefore, contact of the r'\ order with the curve, 

Let A,,, Ag, Apr, where r does not exceed n, be the first 
minors of (1, r), (2, r),.., (r, r). in the determinant, 


(1, 1), (1, 3)..... (Ll, r) nA” =[1, 2,,.. 7]*. 
jn 1), (2, 2),..., (2, r) 


StH THe vc e eee rere ê e. 


.......... ceba PRR RRS û a bb» e 


(r, 1). (r, 3)... 65 r) 


then the straight line PO,, whose direction cosines are proportional 
to 4ı ,Dz„»+ 45 ,D?z,„+..+ A, ,D'z,, where p-1, 2,., n may be 
called the r'" principal azis of the curve at P. 

Let the direction cosines of the r'* principal axis be 


(A1, Dr, Ag, D?z, * ..* A, ,D,,)/A,. where pl, 2,+n. 
Thon, A,3-3(A4,,Dz,* Ag, D?z, t ..* A, ,D'z,)?, p=, 2;... n 
-ã4„:(4ı:(l.g) + Ag, (2, 4) * A, (n3) 4712... 
=Å, {A (l r) * Ag. (2, r)+..+ Ay, (r, r)) 
245,123, 2[1, 2... r-1]?[1, 2.,..r]?, if r be greater 
than 2. Therefore, A. may be taken equal to 


[ı, 2,,.. r—1][1, 3,... r], if r be greater than 2. 


When r=], A,=(1, 1) =[1] and when r=2, A,=(1, 1)* (1, 2] 


=[1][1, 2]. 


^ ê 
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1£(1, 9, .., 7—1,2,11, 8, . , r] stand for 


Y 2 (1. 2), 2224 (1, r) =Å Dz,* As, D*z, toe tA, ,D,z,, 
SEM ovest ke kı ese (2. r) 
i DUIS Ci 
Tp yo Dr, 


then the direction cosines of the r'* principal axis may be more 
compactly written as 


i, 2 J o rel, ry 1, 2, .. 2. 57] mel, A 


1, ã,..r-1][1. 2, 3... r] 


Any two principal axes PO, and PO,, where r is supposed greater 
than s, sre mutually orthogonal. For, 


S(A,,Dz, * Ag, D*z,  .. A, ,D'2,)(A1, Dz, * Ag, D?r, 4 .. + 
A,,D'z,) 
zXA, LAT. q)* A5, (2,4) * € 4+(r, ah g=1, 2.., s 
=ZA,, 0-0. 


It is evident, from definition, that the r'* principal axis lies in 
the r-dimensional extension of the curve and, consequently, in al) the 
higher extensions. 

The first principal axis is the tangent to the curve, and the 
remaining axes are the n—1 principal normals to the curve. 


Let £41, £4... £, be the n co-ordinates of a point Q on the curve, 
referred to the n principal axes of the curve at P, TE if t be 
measured from the origin P, 


(1, 14 £45 (X4—7,)Dz, + (Xo~za)Dza+..+ (X, —2,)Dz, 
z (1, 1)t+ (1, 2) (93/214 (1, 8) (9/8! * &c. 
(1, 1)i — toys 1) sea p=1, do n 


- P zu (1, a os "| Û E Un 


= [1, 2]2t2/21 « [1, 21, 8]19/31+ [1, 2/1, 4]!4/41+&e, 
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Similarly, 


(1. 2}[1, 2, 8]€,=[1, 2, 8]?03/81+ (1, 2, 81, 2, 4]t*/4 1 -- dc. 


"es SEPHORA EET ê TTT 


(1, 2.... r-1][1. 2.... r]ê,-[1, 3,... r]?t" 7t 
+ [1, 2, oril, 2,.., r-1, r+1]t"*'!/(r+1)!+ &c. 


(1, 2,.., n—1J£,=[1,2,.., n]t"/n! - [1, 23,.., n-1. n+1] 


i**1/(n 1)! * &c. 


It is evident that, when t is an infinitesimal, 


d Pa? — pepe) nl 


It will be noticed that £5 is of the same sign as p,, hence, the 
centre of curvature is a point on the second prineipal axis, at a dis- 
tance p; from P. The co-ordinates of the centre of curvature are, 








therefore, 
`ê (1, 1), (1, 3) 1, 1), (1, 3) | (1, 1) 
tuner Dz,, Diz, (i, 04[1.2] ~ xe jj Dz,  D?z, | [1,2]? 
= 1, 2,1. 2] (1.1) 2 
. z„+ Mr LU, y e s 
6. The m—1 principal curvatures of a curve In n-dimensional 
Let £j, Êz €, be the n co-ordinates of a point on a curve 
" referred to the n principal axes at P, and let uy, ug, ug... Un 


defined by 
| 4 4 2. 8 
u, mL! rA = FON uem Lt D cm D 
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us alte ht = Day he 


Dé, [1 2... n][1, 2... n-2 
us i m Lt — Dir “TI, 2. 3... ep 


then uj, Wa, u*,,..... v,-, may be called the n-1 principal curva- 





tures of the curve at P, Evidently u, => and ig where p; and 
| i 2 


he 
pg are the first two radii of intrinsic curvature. 


If the independent variable be s, then (1, 1)=1, (1, 2)=4 D (1, 1) 
=0, [1, 2]—u,, [1, 2/ 1, 8] 2 4D[1, 2]*,[1, 2, 3]2u4,?u,. [1, 2, 3| 
1, 2, 4] =4 D[1, 2, 3]?, [1, 2, 3, 4] 9 u,?u52u,, (1,2, 8, 4 1, 2, 
$, 515142 [1, 2, 8, 4]*,..... (1, 2.... n]-u, *73u,"72..u, 1. [1, 2... 
n=], n+1]=D [1, 2... n]. 

Thus the first two coefficients of each of the series for £4, £5..., 
£,, in ascending powers of s, are st once obtained. General methods 
will be attempted hereafter, by which each of the above series may 
be extended to any number of terms, 


* The third carvature bas been investigated by Brunel, Pirondini, Piccioli, 
Hardy, Lovett and others. 











PARAMETRIC COEFFICIENTS IN THE DIFFERENTIAL 


GEOMETRY OF CURVES IN AN N-SPACE 
BY 
SYAMADAS MUKHOPADHYAY, 


II, EXTENSION or Sernet-Frexet FORMUL® TO CURVES IN 
n-DIMENSIONAL SPACE." 


1. Notational Recapitulation. 


It will be useful at the outset to recapitulate and extend the 
notational formule which have been explained in Paper I. 


Let P be any function of a parameter t, continuous and possess- 
ing differential coefficients of all orders, within a given domain; then 
the following notational identities are defined to hold : 


(3) PzDr P a(r. P)s(P, r)æ (r | P]=[P | r]. 


Again, if P, Q, R, ètc., be any number of functions like P, then 
the following notational identities are defined to hold ; 
DPP, D"Q 
D*P, D'Q 


m | (P P» (P. On to q | P, Q]a[P, Q | p. q] 
(q. P), (q, Q)| 


per D*Q, i (p, P), (p. Q), (p, R) 
D 








"P, D*Q, D*Riaiq, P), (ag. Q), (4, Rija [p, q. r, | P, Q, R] 
"P, DQ, D'R)  [(r, P), (r. Q); (r, B) 


m[P, Q, R | p, 4, f], eto. 


If zı, Tg... z, be the n co-ordinates of a point on a curve in an 
Euclidean n-dimensional space, referred to orthogonal axes through 
any origin, then Ty, Pgs». x, may be conceived to be given func- 
tions of a parameter f. A numberof functions of the differential 
coefficients of r,, £as- Za, with respect to f. have been called 


* From Bulletin, Caleutte Mathematical Society, Vol. 1, 1909. 


w* 
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parametric coefficients and parametric moments in Paper I. The 
distinction between parametric coefficients and parametric momenta 
will be dropped in this paper. They, will be called parametric co- 
efficlents always. They are invariants for any orthogonal transfor- 
mations. They are obtained and represented in the following 
manner : 


The expression X(p, x,)(q. z,), where r1, 2,..., n, and p, q are 
positive integers, is a parametric coefficient of class I. If, for 
brevity, the suffix to z be omitted, then the following identities are 
defined to hold : 


(p, z)(q. z)&(p. a) m(q, p) m[p | q]9[a | P] 
The expression (p, p) or [p | p] is also written as [p]*, where 
[p] is the positive square root of (p. p). 


The expression [p;, Po | ty, z+*a][@ı. da | 771. Teg], where rı 
21, 2, 8,..., n; rg Tr, +1. rı 2,..., n and Py, Pa, fı. Qa are positive 
integers, is a parametric coefficient of class II. If, for brevity, the 


suffixes to z be omitted, then the following notational identities are 


defined to hold : 


S[pı. Pa | z. «][qı» 22 | m z] u [Pı. Pa | 91 dol [ar da | Pr Pal 


The expression [?ı. Pa | P1: Pa] is also written as [Pı. pa]*. so 
that [P;. Pa] + V [Pi Pa | Py. Pa]. The method of choosing the 
proper sign before the radical has been explained in Paper I, whence 


it follows [Pa Pi] 7 — [Pi Pa]. 


Similarly, (Py, Pa. Ps | zı: tra Z@«s][1ı fa. 05] Tri Tea 


£3]. where rı —1, 2, 0; Ta =T} +1, ry *2, ^; rg=tegt+l, rg +2, 
T and Pi; Pas Pas Fi: Tay ta are positive integers, is a parame- 


tric coefficient of class II. If, for brevity, suffixes to z, in the 
summation, be omitted, then the following notational identities are 
defined to hold: 


X[pi, Po: Pa | z. 2, z][q ı: da, dı | 7 z. 7] m [P1« PaPa ! 1ı; 
da» da] #[qı: da. 13 | Pis Pa P3]. 

The expression [Pis Pa, Pa | Pis Pa. Pa] is also written aa [p,, 

31^, so that [Pie Pa: '^al- + J [Pi Pa: Pa: | Pie Pa: P3]. The 


of choosing the proper sign before the radical has. been er- 
plained in Paper I, whence it follows that — . 


Im ; Po- pure Ps: — Fe: nl 


z " 


4 





yea 
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Higher parametric coefficients are derived and represented on 
exactly the same principles, 


Finally, [Pie Pa: Dal a [P;. Po Pa | T1; Forss M is the 
parametric coefficient of the class ıı, or the highest class for the 
given dimension of space. 


It follows from theory of matrices that 


[Pi Po. | qı. Q9)==[p}, Pa | z,. tre) [Ji 42 EST z-a] 


= (P1, #ı): (Pir Ze)... (Prr 2321115 zı)» (1ı. Ta) (is 74) 
(Pas 2), (Pa, Za),... (Pa, Tallar 21), (Gas 9)... (Gas Zn) 


(Pis qı). Pis 23) 
(Pa, 91), (Pa, 49) 
Similarly, [?ı. Pa, Ps | di da: da] “j(Pı. dı), (Pir Ga), (P1. 45) 
(Pa. 91). (Par de)» (Pa, 45) 
(pa. 91)» (Pas da). (Pa. @a) 
and so on for higher parametric coefficients. 

In addition to the parametric coefficients, explained above, which 
may be called pure, it is useful to consider a class of analogous sum- 
mational expressions, containing numerical indices p, q, eto., as well 
as arbitrary functions P, Q, ete. These may be called mixed para- 
metric coefficients. They are represented on analogous principles, 

For example, the expression X[p,. pa | ze Q][q. | z,]. r1, 
2, `.» n, where Q is any given function of the parameter f, is a 
mixed parametric coefficient. If, for brevity, the suflix of x be 


omitted, then the following notational identity may, be defined to 
hold ; 

















š[rı. Pa | 2; Q][qı | z] 8 [ri 72 | 41. 9] 
It follows, at once, that [pı. Pe | qı. Q] ^ Z(pi. 2), (py; ei hû z) 
k (Pa, x), (Pa. Q) 
z pi, 21)» (Priv Ta) (Pry a) (Pis Q) 
— Pas Z1), (Pas a)i- (Pa, Zn), Pas Q) 


E 2). (qı: Tg)... (qı: Ze) j 
Ps Op O9 ê 





e (pi, 41). (Py, Q) û 
: (Pa, 41): (Pa O — Erne" * 
4 LE 


$s 


"S 
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* Similarly, [pi. Pa: Pa | di; da. Q] may be defined to represant 
S[p;, Pa» Ps | Tei, Trgi Qi: da | Tete Era): 
where rı <1, - M "n; fer; +1, ry *2.... n; 
or, omitting suffixes to z, 
[Pi PaPa | d1: 1a: Q] &X[ri. PaPa |2. z, Oligi da | = z]. 
But S[py. Pa: Ps | z x. QO) Loy. da Îz] 
é ER zX(p. Zrt) (pi. Zea), (Py, Q) (gı. Zr), (qı: Z,a) 
(Pg. 2,1). (Pa Zra) (Pa, Q) (da. 21). (da. 2ra) 
Sn (Py, £1). (Ps, ee), (Ps; g)! 
. 1, zı), (Pa, mp) (Pr 2a); Pr, Q) 
(pa. zı), (Pa. Za)... (Pas 2a), (Pa. Q) 4 
(Py, 21), (Pas Za)... (Ps, Za). (Pa. Q) ù 
* (qı: @ı), (qı. Ze)... (Qir Za), 0 
ê (qa, 21). (qa. 73) vere (Qa, Za), 
å ` Û: 0) 
* -|(pPi. 41). @ı. do). (Py, Q) 
(Pa. Q1). (Pa. 42): (Pa, Q) Td 
ù E (Pas qı). (Pa: do). (Pa. Q) — 
- Û E Therefore, [P1. Pa. Pas | dı. 42: Q] 7 |(p1. qı). (Py. qe), (Pas Q) 
m I(Pa« qı), (Pa. de), (Pa, 9) ' 
E su - (Ps: 91): (Pa. Qo), (Pa Q) 
H __ It may be noticed that the above equation is of the same form as 
for the corresponding pure parametric coefficient. 
FL Again, [r,, Pa. P | dı: da. Q] may be defined to represent — * 
yn Z[n. Pa | zr. QJ): qa [ty P], Da 2. n, 
* or, omitting suffix to z, 2 
* ^ (Pas Pa: P | qı, qa. Q]-S[pı. Pa |  Q][qı, qal <, P]. : 
(00. Û Similarly, [Py Pa. Pa, P ld de ds Q)mX[pi Pa, Pa | zîz, ., 





` alia qa: qal T, Z, P) and (py. Ba, P3: P i dı dar Qi. Q3. : y: 


pupal Qe Qe gal 2 P). > M. — * 


e * * - 


P. « " " & E 






r 


ê E 





* p s y? = A 1 E ` 
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Further, [p,. Pa, P]? and [Pis Par Py P]* " 
represent [p,, Pg, P | Py, pa, P] and [pı. Pa, Pas P | Pis Par PoP), 






It follows that [p,. pg. P | qı. ga. Q] 2 - (Py. 41). (Py. qa). (Pa) Q 
(Pe. Gy), (Pa, qe), (pg. Q) 
(P, qı). (P, q4), 0 


tor, S[pP ı. Pa | z, Q][qı. da | z. P] 


— — (pi; x1), (Py. 29)... (pi. fal, (py. QJ). 0 
(Pa. ©), (Pa, Z4)... (Pa, Zai (pa, Q), 
O 3. Q vin GO gı SOD SNR 


My, Zı). (qı: Za)... (Mis Za) 0, (1ı. P) 
- qa: zı), (qa. £)..« (da. £a): 0, (qa. P) 
0 t 0 sve Ü d B 0 


Similar determinant expressions are easily obtained for all mixed 
parametric coefficients. 


It may be observed that each mixed parametric coefficient con- 
tains a number of numerical indices, Py. Pa, etc., and a number of 


representation. 


A few general remarks may be made on both kinds of parametric 
coefficients. Each coefficient consists of an even number of elements 
consisting of numerical indices or numerical indices and functionals. 
The elements are divided into two groupa of equal number, separated 
by a vertical line and enclosed between a pair of brackets. The left- 

~~ hand and right-hand groups are interchangeable without change of 

value of the parametric coefficient. An interchange between two 

pno * elements both numerical or both functional belonging to the same 
an — group produces a change of siga in the value of the parametric coeffi- 
cient. Hence» if any two elements of the same group be identical, 





- - the parametric coefficient vanishes. It has been supposed that the 
û | | are positive integers and the number of indices is greater than 
] 2 .  &he number of functionals. It may be convenient hereafter to intro- 
t N 
a ğ Û ae duce and, vote te index ID, Es Ja l ê s 
- . | El 
* - * e 


functionals P,, Pa, eto.; the number of indices exceeds the number 
oe, of functionals and the indices precede the functionals in the order of n 


B 














+ 
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2. Differentiation of Parametric Coefficients. 


The parametric expressions, explained in the last article, readily 


admit of differentiation. Evidently 


D(r,P)=DD'P=D"*!P=(r+1,P) 
D[p.q | .9]- [p*1.4 | P0] * [r.3*1 | P.Q] 
Dip. ar | P. Q. R]  [p*1,3. r | P,Q. R] * [p.a * 1, r| P.Q, R] 
+ [p.q.r+1 | P,Q, R] ` 
D(p.q)  DE(p.z,)(q,z,) D (p.z,)(q.7.)) 
-X(p-*1lz,)(q.z,) * (p.r,)(q- 1,72.) & - (p 1,9) * (p. 4+1). 
Similarly, D[pi.Pa | 21,22] ^ DX [ps Pa | =e) [91:22 | 0,7] 
-[pı+1.Pa | 431.32] * [Pı.Pa+l | 21:92] 
+ [?ı Pa | 4ı +1. 22] ^ [P P2] 91-49 * 1] 
and D[P,PsPs | 21.29.43] 7 [P1 +1 Pers | didaga] 
+ [Pr Petits | 0102/33] +[PrPa Pa +1 | 41/2293] 
+ [Pi PaPs | 91 + lıda.da] + [Pr Pa Ps | 41/2213] 
+ [P1 PaPa | 43-99-9371). 
Again, D[py.Pa | g.@]-DS[pı.Pa | 2-9] la | 7]=3{ [Pi * Lipa 2, 
Q][q | x] + [Pı.Pa+1lz.@][q | x] + [Pp | 0) [a 61] 71) e 
=[p +1. Pa | 4.9] * [PiPPa * 1 | 4.0] + [PPa | 9 * ,Q]. 


Similarly, D[py.Pa.Ps | 91-922) 7 [P1 * LPs P5 | 21/22/91] Wei 
+ [pı.Pa+1.Pa | 31:409] + [Pi PaPs 1 | 41/09,Q] 
+ [?ı.Pa:?a | 4ı +190] + [?ı.Pa.Pa.l 9192+10]. ` 
It will be obvious from the above illustrations, that the simple 
rule for the differentiation of a parametric coefficient is : 
. Increase all the numerical índices, in the parametric coefficient, - 
one after another, by unity, and take the sum of the expressions thus 
obtained, the functionals, if any, being left untouched. uw 
It should be pointed out, however, that this rule does not apply — — "- 
directly to the abbreviated forms [p]. [p. 4]. etc. These may be 
 differentinted as follows : | — 
D[p]* - D(p.p)- (P+ L.p) + (p,p+1) - | Ve i 
in —* ed a 
La 





Ld 
i 
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Therefore D[p] = FT 


Similarly, D[p.g] - UP +1, q | p. 7 e q +1 | Pp. 4 ]. eto. 


3. Principal Axes and Principal Curvatures. 


In PaperI, the line through the point P on the curve, whose 
direction cosines are 


D'z,j[r], D'z4f[r].... D'zw/[r]. 


has been called the rth variation agis at P. Let the rth variation axis 
be called T,. The r-dimensional space which passes through the first 
r variation axes at P, has been called the r-dimensional extension of 
the curve at P. If this r-dimensional extension be called E,, then 
E, osculates the curve at P, A line through P lying in E, and normal 
to the first r—1 variation axes has been called the rth principal azís 
of the curve at P. If this rth principal axis be called A., then A, is 
evidently normal to E,-,, E,.4,.., Er- The direction cosines of A, 
have been shewn equal to 





The above direction cosines also define the sense of A,. 

It may be interesting to re-establish this result here, as an 
exercise in the methods of this paper. 

For clearness of reasoning let s particular principal axis be con- 
sidered, suppose the fourth. The proof. will equally apply to any 
other principal axis, It is to be established here that the direction 


ROS XR? ERpfe tac 


First, the line defined by the above direction cosines ia to be shewn 
to lie in E,. "This follows from the form of [1,2,8, 4 | 1. 23, zp] 
which is linear in (1, 2,), (2. zp). (3, =p) and (4, x,), for 

[1. 2, 3, 4| 1, 2, 8,24] 7 (l, 1) (1, 2), (1, 3), U. 2) 

| (2, 1), (2. 2), (2, 8), (2, =») 
(9. 1), (8, 3); (8, 8), (8, =) 
ê 7 (4. 1), (4, 2),.(4, 3), (4,95) | om - 


cosines of A, are 
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Secondly, the line in question is to be shewn perpendicular to any, 
of the first three varistion axes, for instance to T4, whose directidn 
cosines are 
(2, 1) / [2]. (2. 29) / [2]... (2. z„) / [3]. 
It has, therefore, to be shewn Z1, 2, 9, 4 | 1, 2, 3, z,](2, # ») —0, ê 
p-1l 2, even n. 
But the above expression is equal to, omitting suffix to z, 


(1,1), (1,2), (1,8), (1.z)j(2, 2) ={(1,1), (1,2), (1,3), S(1,2) (2,2) 


(2,1), (2.2), (2.8), (2,2) (2,1), (2,2), (2,3), S(2.z) (2,2) 
(8,1), (3,2), (8,3), (3.7) (8,1), (8,2), (8,3), X(3,2) (2,2) 
(4,1), (4,2), (4.3), (4.2) (4,1), (4,2), (4,8), E(4,z) (2,2), 


-ı(1.1). (1,2), (1,3), (1,2) 20. 
(2,1), (2,2), (2,3), (2,2) 
(3.1). (8.2), (9,3), (8.2) 
(4,1), (4,2), (4,8), (4.2) 


It may be noticed here that by the above method it follows 


` S[ı,2.8,4 | 1,2,8,7](4,2) - (1,1), (1,2), (1,8) (1,4) — [1,2,8,4] 8; ` 
(2,1), (2.2), (2.3) (2,4) 

Î (3.1), (3,2), (3,3) (8.4) .. 
dis 4,1), (4,2), (4,8) (4,4) 


Lastly, to shew €[1,2,3,4 | 1,2,3,2]? — (1,2,3]?[1.2,3,4]? 
This is easily seen to follow, for — 


2 [1.2,8,4 | 1,2,3,7 ]* — X|(1,1), (1,2), (1,3), (Le (1,2, 3,4 | 1,2,8,2) 







* (2,1), (2,2), 42.8), (2,2)) 7 ; 
(3,1), (3,2), (3,3), (3, ni . &» B n 
ê 4.1), (4.2), (4,8), (4| - i ` 
-|j(1,1), (1,2), (1,8), X(12,4 | 1:2,3,z)(1,z)| — 
2,1), (2.2), (2.8), S[i,2.3,4 | 1,2,9,2](2,2) P +» 






(8.1), (8.9), (8,8), S[1,3,8,4 | 1,2,8,2) (3,2) 
mais. (4.8), X[1,2,94 | 12,8,2] (4,2) 
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= (1,1), (1,2). (1.8), [1,2,8,4 | 1.2.3.1) 
(2.1), (2,2), (2.3), [1,2,8,4] 1,2,8,2) 
(8,1), (3.2), (8,8), [1,2,3,4 | 1,2,3,3] 
(4,1), (4,2). (4.3). [1,2,9.4 | 1,2,3,4] 


— [1,2,9]2[1,2,3,4]*, 


for (1, 2, 3, 4 | 1, 2, 3, 1] 20, [1, 2, 3. 4| 1, 2, 8, 2] 0, (1, 2, 
8, 1 | 1, 2, 9, 8] 0. 

It may be interesting to note here, that by the above reasoning it 
can be shewn, that n lines whose direction cosines are 

(m,,2,)/ [m1], [mma | mp5] ——— 
| ma, mg, mazq25]/ [Mimp ma] [ty Tg). Mey |) where p=1, 
2,.., n and mı, Mgrs m, are any, distinct integers, will be mutually 
orthogonal. 


In Paper I, it has been thought convenient to introduce a 


number of purely analytical definitions of the n —1 curvatures of a 
curve in n-dimensional space. These have been called the m-1 
principal curvatures at a given point ofthe curve, They are noi 
quite the same as the ordinarily defined curvatures, namely, the 
rates of turning of E,,Eg,..,E,-,. These principal curvatures will 
be found more useful in practice, They are indicated by uj, ua. 











Û LESE 
: 59 [1.9.9 1.2.3.4] [1, 2) 
«+ Bre ERE: (1L (ss i a — it 
awat Sa sg 
em — — [ix m 
— — N? - and H,-.-7 
4 then, whatever P moy be, 
i —_ Î . Hene  H'. KE H,-1u, 4. 
where H’,=—H,, and up-i and u, are the r—1th and rth principal 
(ibr E" .90 P j 





En 
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To prove this general theorem, it may be observed that 
H,.,,[ı,a....r+1][1.3,...r] 2 [152,... 7*1 | 12....r.P] 


zz 1(1,1), (E3,. 5 (3,1), (1,P) |-4A,.1 sy 
(2,1). (8.9, (8,9), (2. P) 
(r.1), — (r2)... lr. n), (r.P) 
(r+1,1), (r+1.2)....(r+ 1,7) (r-- 1, P) 


1 (1.1), (1,2)...... (1.7 — 1), (1.7), 


[à ..r-1]*/(3.D. (2.2)......(2.r-1). (2.7), 


`+... .en. nc ca e LeeLee e êê... eee a eo ê (En 


(r,1), (r,2),...(r,r-¬1). (rT) 
0, 0 ..,-[1,2,-,r]?.l1ı.2,,r-1,r+1 | 1.2.-.r], 


(r.P) 

D [1,2,-,r | 1,2,-,r- 1,2] 

For, D[1,2,-, r| 1,2,9 t=], P] = [1,3.-, r=], r+1 | 1,2,-, r—1,P] 
+ [1,2,-.r-1,r | 1,2,., 7-2, 7, P] 


=((1,1), (1.3). .. .(Lr-1, (LP) m 
2D, (29, .. .Gr-l1)  (&P) 
(r-1, 1), (r-1, 2)..., (r- 1, r- 1), (r- 1, P) 
(r+1. 1), (r1, 2... (r1, 7—1), (r- 1,P) 
* (1, 1), (1, 2),... +: (1, 7-2), (1, r), (1, P) 
(r—2, 1), (r-2, 2),.., (7-2, r—2), (r-2, r), (r-2, P) i 
r-—1, 1), (r—1, 2)...» (r—1, r—2), (r—1, f), (r-1, P) 
ni ww. wf, 6,9 CRR 
s [1, 2, r - 1]*(r 1, P)+A,(r, P)+A,.,(r-1, P),, * AqG,P), 
where Ay, Acces A, are independent of P 
* . 


.. 
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Also replacing P by r, r—1, r—2,.,, 2, 1, the expression 
H, 2.... r—1, r+1 | 1, 2,.., 7-1, P] + (1, 2,... r—1, 7| 1, 2... r—2, 
r, P] becomes [1, 2... r—1, r+1 | 1, 2... r-1, r],-[1, 2,.. r-1, r]*, 
0,.., 0, 0, respeetively. 

Thus the transformation in the last row of z;,. 4 is proved. 

Again, because 
[L 2... 7 | 1.2,.,r-1, P] - 1, 2..., r-1]?(r, P) * B,-ı(r-1, P)+.. 
+ B, (1, P) where B,-ı.... B, are independent of P, and the expres- 
sion [1, 24.., r | 1, 2 ,r-1, P]. when P is replaced by r,r-1, 
r —2,.., 2, 1, becomes 


[1, 2.... r]%, 0, 0,.., 0, O, respectively, 


the expression for A.,+ı becomes 


1 (1, 1), (1, 2),. Al, r— 1). 
A a I Ae Ern VA Vayê 
(r—1, 1), (r-1, 2). .., (r-1, r— 1), 
0 s EE 0 


0 Û 0 Î -[1, Bye r]*, 


(1, r), (1, P) 
(r--1, r), (r-1, P) 
(1, 2, .r]* [1.2,.r | L2... 7 — 1.P] 


(1, 3,.,r-1, r+1 | L2..7], D[1.2..7| 1.2...r-1. P] 


By repetitions of similar transformations, A+»; reduces to 


DES (:9)5- 08) een 
—— 
E DD a 2 8I. 
DA O y; 0 vy. O, [1, 2,.., 7-117, 
orm «0.^ ., 0 MEC 0 : 
0x 0 | 0 ve - [1, 2,...7]?, 





U &' û e & û cz êê € û û ae ê & LET ù û û & të di ë û + ê ê € « #5 i & < + N. 8: 4...4. 4... . 


# «+... .nnc newu cc... ın bı o we a... IST Pierce eee ee . «e... ..* [1, 2 | L P] 
e E DD CÊ uilesuscri desa na VÊK cd ven Î P 2, 3 | 1 Lalê P] 


SSS SSeS %4 # % # W4 4ı 5 i-8 4 %-ê 8 5% # HHS n W. 4-444 # ê HOE HERR Hee ee ee Rae ®% + eee SSG eee eee . e. "n... . 


[1, 9,...r-1 |1, 2....r-3,r], [1, 2,... r—1 | 1, 2....r-2. P] 
[1,2,..,7]*, [1i:3....r.] 1, 2,...7—-1, P] 


[1, 2,... r-1, 7*1] | 1 2,...7]. D[1, 2...7| 1, 2...,7- LP] 
divided by [1]? [1, 2]?... [1, 2... r—3]?[1. 2.... r-1]*. 


Or. zs.» 17[12.... r—-1]^* [1,2,..,7—1]*,[1,2,...7—1 | 1,2 t= 2,7), 
0. [1, 3,..,r]? 


= [1.23....r]?, [1.2....r-1.r+1 | 12... r]. 


[ı, 2.... 7-1|[1, 2... 7-2, P] 
[1,2,...7 | 1, 2...,7—- 1. P] 
D[12,...r | l, 2,.<ır¬1, P| 





Or, Hesi 


Tides 252 r lı, P| | 
F 1, 2,., rj*[1.2....r-1] D|[1, «esi r] [1, a r—1}} 


5 
-— | 

— 
TE 





=D E d: r i, deri r1, P| 4 
BD PORE l, Aa r-1 ] 






12,.., 71 Li 2,...r--1 | its 
1, 2,..,r]*[1] E 6 Kûrî 


Or, Hy.4 u, 2“ H,*H,.,u,-,5H',*H,-, w,-, which proves 
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b. Extension of Serret-Frenet Formulae. 


Let Ap. ps Ap. gi. Ap a be the cosines of the angles which the 
pth principal axis makes with the n co-ordinate axes, so that Ap, , is 
the cosine of the angle which A, makes with the axis of z,. Then - 


(1, z,) 
Ay, r= 
——— 


— 
A = saa 


_ 41, 55L1. @/:2, 
As: r= I. 9 1. 3. 3] ê etc. 


] 





Hence, from the general theorem of last article, putting z, for P, it 


follows that 
on Hence. observing that u, =0 and 


E Ore) antl 
ce qa TIT n RET 


n uai m TS NI 


‘the following series of formule may be written down: 


d ea Ny muy ê 


Ma (glas pM Agee 
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A's, r= Ugg: — ra 
Magi piss] Ans e— Wace vara 
Mu: vm > f Ane}: r 


Professor J. G. Hardy, in the American Journal of Mathematics, 
Vol, XXIV, page 4, deduces extensions of Frenet's Formule to 
curves in four-dimensional space. His results come out in slightly 
different and less simple forms, as he does not conceive principal 


curvatures. 





PARAMETRIC CO-EFTICIENTS IN THE DIFFERENTIAL 
GEOMETRY OF CURVES IN AN N-SPACE 


BY 
SyaMapas MUKHOPADHYAYA. 


IIl, FUNDAMENTAL FORMULAE. 
1. Notational Extensions. 
We have already denoted by (p, 4) the expression 


un (4ı 
zz. gr . r=l, 2, ore My 


where 2ı ,Zg,....z„ are the m orthogonal co-ordinates of a point on a 
curve in an n-space, considered as functions of a single parameter t, 
and (p), (q) indicate differentiations with respect to f, p times and 
q times, respectively. 

If we consider our formule from a purely algebraical point of 
view, independent of any notion of differentiation or of geometrical 
application, we may look upon zı. Zg....Zw„ 88 6nym algebraical 
quantities, (p) and (q) being only distinguishing suffixes. In the 
first five articles of this paper we will adopt this extended definition 
of (p, q). 

With the extension of meaning of (p, q) all the other symbolical 
expressions we have brought into use will have similar extensions of 


meaning. 
Thus [t, n | P. q], [!. n, n | p. qı r]. ete., will simply stand for 


i íl, p), (!, q), (l, r) , ete., 
(m, p), (m, q), (m, r) | 


(,p, (4 
im, p). (m, q) 








(n, p), (n. q) (n, r) 


* From Bulletin, Calcutta Mathematical Society, Vol. 2, 1910. 
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and [!]*, [l m]*. [!, m, n]?, etc., will stand simply for 
(1, 1), | (0. 1). (L m) 
| (m, I), (m, m) 


d, 0, (lı m), (l, n) |, ete. 





(m, I), (m, m), (m, n) 


! (n, D), (n, m), (n. n) 


Similarly, (l, P), [l,m | p, P]. [lı m. n |p: g. P]. [L m. n | 
p, P, Q]. ete., will simply stand for 


ph, ^ py PO 7.1 p), (4, ah P1. j0. py PU, QU |, ete., 


(m, p), P). | (m, p), (m, q), P"? (m, p), Pim), qim) 

(n, p). (n, q^ pn (n, p), pin i Qi») 
where PU, p("), pîn), gi), qim), Q™, etc may stand for any 
defined sets of quantities. 

Further. [l, P | p, Q). [l m. P |-p. q. Q]. otc., will stand simply 
for 

=| Gp). e? | (Tj p. Ga) QU 

PP, Ol  |(m p) (m, ), QI") 


|PP, Po, o0 | 


„ eto. 





2. The Symbol A, and A-transformations. 


We will now introduce a new symbol A, which will have a 
fundamental place in our investigations. It is defined as follows: 


j ^ L, 2, + (- LAE 
Ay =F), As (= Ug „AÛ: ÊRE eê û 





1,2 | LP]. „ (1.3.8. 1.3.P 
As P= As (P) 1.2.8] [1,2 Mat 
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which again stands for 
(1,1), (1, 2),... (1:7-1). A, (1) = [ı,2.',r][1,2.r-1] 
(2, 1), (2, 2).... (2, r-1, A, (2) 

(r-1,1),(r-1, 2),...(r-1, r-1),A ,(r-1) 
(r1), (r, 2),......(r.#-1)i-. A0) 


If in the last determinant we change any column, say the !'*, 
which is not the last, into A,(1), A,(2),.., A,(r), the value of the 


determinant will be altered in the ratio 





4> E 

M 

zi (1, 1), (1,2). (1.1-1). (1, r) |+ [ı.3,..!-1] [ı.2,..!] 4 
(2, 1), (2. "| (2, 1-1), (2, r) » — 


(1), l 2).... (t 1-1), (!. r) 


e ug -(l r) ı.2...!-1 + (t+-1,r) 4 ,-ı + (0-2, r) 4 t. t (l r)4ı. 


vn 





headers 


where Aı.As..::Ã:-ı are co-efficients which do not involve r. 
Tu fact the operation, which we will cal! a A-operation, is equivalent 
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Hence A,(A,) 
zt, 1), (1, 2), -~ (1.r-2).A+-ı(1).A,(1)ı+ [1. 2. . 772](1.2, .,r] 
(2. 1), (2, 2), A (2, r—2),A,-;(2), A ,(2) 
(r, 1), (r, 2), ... (r. r-3),A,-ı (0A (0) 
=/A, (1), Ag (1), ... A,-1 (1), A, (1)+[1. 2, ., r]. 
Ay (2), As (2. «.. A,-1 (2), A, (3) 
A1 (r), A (r). s+} A çı (r), Ai, (r) 


after successive A-transformations of the first r-1 columnas. 
In fact the result of successive A-transformations of the first! 
columns or rows of a suitable determinant is equivalent to dividing 
the determinant by [1, 2, ., 1]. 

It is easy to see that A, (A,) vanishes when r is not equal to 4 
and is equal to unity when r is equal tos. For if s be less than r, 
then two columns in the last determinant become identical and if 
8 be greater than r then A, (1), A, (2), ... A, (r) all vanish from 
definition. 

If s be equal to r, then 
Ar (A) A. ( A» (2) .. A, (r)+ [1, 2, ., r] 


- [1] ll eI rac [1 2, ., r] =1, 
We have Zx,'" A, (x,), r=1, 2, .., n, 
= (1. 1), (1, 2), .. (1. p-1), Zx, x, + [1, 2, ., p][1, 2, ., p-1] 
(2, 1), (2, 2), ., (2, p- 1), Ex, x 


| E 1), (p, 2). ., (p. 2-1). Zx, z,” 
=((1, 1), (1, 2)... (1. 2-1). (1. q)|+ [L 2, p] Ùl, 2, p-1] 
(2, 1), (2, 1), ** (2, p—1). (2, q) 


(RAS RES SERRA LL ER TEEPE ERT zn»... ea... n... b 


(p, 1), (p. 2), * (p, p-1), (p. q) 
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=[1,2,.,p|1,2,., p-1, q] + [i, 2, - P][L 2, + p-1] 
That is, Ex," A, (x,)=A, (q) (a) 
Again ZA, (x,) A, (x,), r=1, 2, n, 
=((1, 1), à, 2), .. (1, p—1), Sx A (x.)|* [1, 2, .. P] [lz 2... p—1] 
(2, 1), (2, 2), ., (2, p-1), Ex'? A ,(x.) 


sac a eo ae e... ê e ttt e ê ê lê ka ke xx. eRe HO «e a êêê a ê a ee 


(P, 1), (p, 2), + (p, p-1), ax'"A,(z-) 


= (1, 1), (1, 2), + (1, p-1), A) + [1, 2 n plil, 2 o p—1] 
(2, 1), 2. 1), .. (2, p—1), A ,(2) 


SSSSSSSESS SSE a a a. a... SSR SSS ee eee ..... 


(p, 1), (p 2), . (p, ?-1). Ag(p) 
=[1,2,.,p|1,2,., p-1, A+] + [L 2,., p]Li. 2, ., p—1] 
That is ZA,(x.) Ag(x-J)=A,(A,)=1 or 0, (8) 


according as p is equal or not equal to q. 


3. A fundamental Identity. 


We will now establish the following fundamental identity : 


[1, 2, 8, «ns Ve P | 1, 2, 8, e» Ti Q 








=A (P)A (Q) + Ag(P)Ag(Q)+ ..+ A-(P)A,(Q) (A) 


We have, by definition, [1, 2, . r, P | 1, 2, ., r, Q] 
=—| (1, 1), (1, 2), ... (1. r), Qi) 
(2, 1), (2, 2), .., (2, r), Q'?! 





(1 
ev êka kaşê kak ) 


(r, 1), (r, 2), Zn (r, r), Qu 
po, pt, ., Pir, O 














== Dy (1), Bg (1)... Aa. (1), QY 
A1 (2), ^o (2), .., 2, (9), Q™ 
acted embed KOR SARE ne vê RAH (if) 
Ar (r), Be (r): .. ^, (r); Q'? 
Ay (P); Ae(P), .. A, (P), O 


by 4-transformations of the first r columns of the determinant (i). 


Again 





- ^1; AylAd), : ı: Ay(A,), 4(Q) 


Asla), Saldg), - Alarh Al) 





û e a — —— —— ——— ——— eê... eı... ESE HEH e... n. TARTTEE 


(Sih Aras eee) 
ı (P), Ao(P), d e, (P). 0 


by 4-transformations of the first r rows of determinant (ii), 
€ — — 1 , 0 ê + ¬ 0 ' A] (Q) 
Te oe nê TOZA Zsg(Q) 


Okan WO 
s &a(P), . + A,(P), 0 
7 AY(P) AQ) + Ag(P) ^ (Q)+...+ A^+(P) a,(Q). 
It in identity (A) we put Q equal to P, we lava 


- Ê : — "=a? (P) + A3(P) +.. + Atp) (A,) 


where °(P) stands for [A,(P)]* and fi, 2, oa "oe p]? for 
[1,2 ow T, P | L 2,5 » Tı P]. 
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4, Derived Identities. 
We hava, by definition, [1, 2, s P g | 1, 2, Tez Q] 


ta, 1). (2,2)... + (2: 7), QU? 
(G34ê 445e 1y vake n ERA) danê S9305 405R 6n (lil) 


(r, 1), (r, 2), — (r, r), Q? 
pt). pi?) - P, O 


"i 1), (0,2), . , (1, 7), QY 


If we write (1, a), (2, 8), „+ f 8) [or Q'U, Q's); + Q' then 
determinant (iii) becomes 
— (1, 1), (1, 2), * + (1. r), (1. &) 
(2, 1), (2, 2), e p» (2. r), (2. 8) 
(r,. 1); (r, Dee vU PI (r9) 
piu, pe. pir) O 





— (1, 1)» (1, 2)... Qo 7), (L, 0)] 
(2. 1), (2, 2): "n (2; r), (2, a) 


e P) 1, 1), (1. 3),.. (1. 7) 
(2, 1), (2, 3); ., (r) 





...............................5.`...............o.. 


(r, 1), (r, 2). .} (r, r) (r, 1), (r, 2). Ju (r, r), (r, ) 
pf), pf), „ „ pt”, p 


-p@%[1, a, ...r])!-[1.2...r.s/1:2,...r,P] 
Also, by definition, [1, a, +: r | 1, 2. „. rl, Q] 


= (1, 1) (1, 2), "+ (1, r1), QP 


(2, 1), (2, 2), .. (2, r- 1), QY 
(iv) 


dc û ê dne bê b ê 8 bê  & & ` # % + # #4 4 4%  ® ù ã € 4 « # ë & € ® € #ã % +-b 


ı(r, 1), (r, 2), . i (r, r— 1). Q 


Ls 
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It we write (1, a), (2. a), . . (r, 8), for QO, Q9, . , QI”, 
then determinant (iv) becomes 
(1, 1), (1 23), . . (1. r—1), (1, 6) 
(2, 1), (2, 1), . . (3, 7—1), (3, e) 
(r, D), (r, 2, . , (r, r—1), (r, a) 


=[1, 2. a b r | 1. 2, a », r—l, 8]. 
that is, A, (Q) becomes A, (s), and identity (A) becomes 





pt — 
=A, (#)A,(P)+ Aals)Ag(P) - AULA (CP) (B) 
If in identity (B) we put r=s, then we have 
P= Ai (A,(P)+ Aals)Agl(P)+...+ A, GA CP) (Bı) 


512A ee! ieee) 





If we subtract (B) from (Bı), we have 





=A rel Ar P) Arsoli) Areal EP) + + + & (3) A ,(P) (Bg) 


Again if in (iii) we put (1, p). (2, p)... (r, p). (1. 4). (2; @)... (9) 
for PD, p», pir), QW, QUI. ...0!?. respectively, then (iii) becomes 


(1, 1), (1, 2, ., (1, r), (1, 9) 
(2, 1), (2. 2)... (2, r), (2, 9) 
(r, 1), (r. 2). .. (r. r), (r. q) 
(p, 1), (p 2. .. (p, r), 0 
NUT (1, 1), (1, 2), .. (1, r) (1, 1), (1, 2), ., (8, r), (1, @) 
E ke, ı), e,2), .. (+) | Tl (e. ı). c.2), . (2 5), (2. 0 
(r, 1). (r. 2), T (r, r) (r, 1), (r, 2), Tm (r, r), (r, q) 
(p, 1), (p, 2), =è (p. r), (p, q). 
= (p, 9) [1, 23,-+ ı r]?-[ı. 2.4% ® |1, 2. „ r, q] 


me f 
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Also A, (P) and A, (Q) become A, (p) and A, (q), respectively. 
Hence from identity (A), we have 


Ll 






ps q)- H< EL on a) = A, (p) A, (9) As(p) Ast 





Xa 


+..+ A, (p) A, (q) (C) 

If in (C) we suppose p not greater than q and put r=p, we have 
(p, 4) Ap) Ais(q) + Aal) Agta) * .. A »(p) A »(q) (Cı) 

If in (Cı) we put q=p, we have, 

(p. p) ASP) + A§(pn)+..+ Aap) (Ca) 


If we subtract (C) from (Cı). we have 


= Âr (pl A iu) A, ,a(P)&+«+a(9)+ 





A „(p) A »(q) (Cy) 
"where r is supposed less than p and p not greater than g. 


If in (Cy) wo put 4 — p, then we have 





* 23 2 r Ê = A?,,(p) + A%*a(p)+..+ A5(p) (C,) 


5. Three more Identities, 


We will establish further the three following identities: 


Rl — A,-ı(P)A,(Q9)- A,-ı(9)A,(P) (D) 
A,-\(PIA-(Q)—-A--,(Q)A-(p) (Dı) 


=A --1(P)A,(q)- r-l) A „(p) (Dg) 
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To prove (D), we have, by definition, 
[1, 2, . r |1, 2, . r-2, P, 0]=| (1.1), (1,2), . (1, r—2), PX? Q) 
(2,1), (2,2), ., (2.r—2), P'®, Qa» 


Therefore 





= Ay (A4). A1(44)... Ay (Apg). Ay (P), Ay (Q! 
As (A). AglAg),.. Aga (A,-9. Ag (P), Ag (Q) 


0 eo ee 0 SHS e e bo» SSP S SES ee» .».» zee» wo. o». +.» n0»... SHS e +» ê» hê ELL » +» *.....wwa#êw... 


&+-a (A; £ A „-a(A a). "Å; ~9(4,~9), A+-a(P), &+-a(Q@) 
& ,-1CA 1). A--)(Ag), -b A 30A , -9). A ,- (P), A ,—1(Q) 
) A (A1). Ar (Ag), 4 A, UA F9), A , (P), A, (Q) 


by successive A-transformations of the r rows and the first r—3 
columna, 


1,0,.4,0, Ai (P) AlO) 
0,1,.. 0, A, (P, Ax(Q) 
0, 0, MS ji Ar-a (P), A r-9 (Q) 
0, 0, — 0, Ãv-ı (P), A «-T (Q) 
0,0,...0 V. (P. A+ (Q 


Âr- (P), rt (Q) 
A , (P), A, (Q) 


Identities (D,) and (D,) are established in the same way. 


6. Fundamental Differentiation Formulae. 


We will now establish the two following Fundamental Differen- 
tiation Formule : 


» A', (P)= Aye, (P) u,— A^, (P) u,., (E) 
Ale (p) 7 Aces (p) v, + A, PHI- A, (p)u,., (E) 
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Where wo suppose ži, rg,..., z, to be the n co-ordinates of a point 
on 8 curve in an n-sp4C6, uj, a,...uw„-ı the m-1 principal* curva- 
tures of the curve at the given point, x, zt, ..,, zi, P'? the r!^ 


differential co-efficients of zı, z9,..., Za, P respectively, considered as 
functions of the areual distance a of the given point from an assumed 
point, and A’, (P), A’, (p) are the first derived of A,(P) A,(p), 
respectively with respeot to s. 


We have, by the laws of differentiation of parametric co- 
efficients, t 


(1,2, ., r 11,2, , 7-1, P] 

=[1,2,.,r—1, r+111, 2, ...r-1, P] 

*[1, 2, ..r l1, 2, ., 7-2, r, P] 

z [1, 2, ., 771]*( A, (r+1) A+ (P) - A++ı (0*1) Arst (P)} 
*[,2,  71[52, , 772]£ ^, -1(0) A. (P)- A. (r) A+-ı (P) 
by formule (By) and (Dı). 








l, 2: r l, 2, "T r=], P}! 
Therefore 1, 2, pa? l, 2, A r1] 
_ A. (r+1) A. (P Aُz.ı (r+1) Ay (P) 
: A, (r) 
+ Av (r) A. (P)- A, (r) Bion (P) 
Ay-1 (r—1) 
= Aes CEN a, P- SO ani O 


| A, (r+l) po f o 
ÊRE AV YA re0 3A 


i 2 T 1,2,., 7-1, r+1 
TA As1 pet Av-ı(P)+ | i L 2, i get 


+ L; 2, hîr r—l | 1. 2, + r2, r] 


1, 2, ., r-1]? j^. V) 








* Vide Bulletin, C, M.S., Vol. I, pp. 240-41. 
$ Vide Bulletin, C. M.S. Vol. I, p. 247. 


TA 
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pp: en rir. 1, %, „r-l | - 
=} ha L 7 rî” HERT jA, (Peu, Ar. (P) 


-Urf A /-4 (P) 


4 X1. -a at D RET 1-11 A. (COP as, (P)* u, A,,4 (P) 





„ r][L, 2. nar 7—1] 
U,-1 A r=] @ 


- A, (P) Eu Ar (P) 





Wray Â p=} (P) 
Therefore A, (P)=u-Arsy (P) -u,-14.-1 (P) (E)* 


To prove formula (Bı) we have 
[ı, 23, ., 7| 1, 2, ., 7—1, pl’ 


-[1,2,., 7-1, r+1 |1, 2, ....r-1, p] 
+ [1, Miro r | l, ` RAT r2, F, p] 


+ [1, 2. Dê T | 1, 2, tss} r—1, p+ 1] 






ot ait 
a s.. P=] 






as 1, 2, +. Tû, f, 


+ E +A, (p- 1), 


after which the proof is similar to proof of Formula E. 


" For a direct proof of this formula seo Bulletin, C.M.S., Vo. t 





PARAMETRIC COEFFICIENTS IN THE DIFFERENTIAL 
GEOMETRY OF CURVES 


BY 
SYAMADAS MUKIOPADHYAYA., 


IV. Expression or trax CO-ORDINATES OF A Port ON a CURVE IN 
AN V-SPACE AS POWER SERIES IN 4," 


1. Let, £4,. Ea bathe n co-ordinates of a point P on a 
curve in an n-spaca referred to principal axes at any point O on the 
curve. Then on the hypothesis of the existence of £4, £s. o Êa and 
their derivates of any order with respect to s, the arc length from O 
to P, in the domain (OP), we can show that 


êv =A (r) X5+ A(r+1) . + . + A (m) — ete, 





Ti 
for r=1, 2, 3, ., m, (i) 


A, (m) having the same meaning as defined in Paper ILI t 

For if X,, Xo, ., X, be the n co-ordinates of P referred to any 
system of orthogonal axes and zı, Za, . r, the co-ordinates of O 
referred to the same system, then the direction cosines of the n 
principal axes at O are 


A, (xy), A, (xy), T s (x), (r=1, 2, T n) 


* From Bulletin, C. M. S., Vol. 3, 1911. 
+ A, (m) standa for (1, 2, , 7 |1, 2, ., r—1, m] divided by 
[1, 2, ., r)(1, 9, ., #-1] and (1,2, ., e| 1, 2, .. r-1. m) stands 


for | (1, 1), a, 2), + + (1, r1), (1, m) 
(3, 1), (8, 2), .. (2, t —1), (2, y: 


An » (r, 2) E "Ae er. +, û 
[1, 2, „ r]? standa for [1, 2, , r | 1,2, .. rJ. 
(1, 2, ., f=1]* for (1, 2, „r-l1l1,?23, s r- 1], 
() (m) 
and (J, m) for Sz; 2,, “<1, 2, » n. 
When r=1, A, (m) is equal to (1, m)+(1, Dj. 


Pa 
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where A, (za) has the same meaning as defined in Paper ITI,* 
Hence di¬ (Ã»-») A, (£p) (p=1, 2, + n) 


=S (zr, . rem. S+ Ha, Ê + eto.) A, (£p) 
| a ' g" (m) | 
=sSz’, A; (z,)+ >= 2 p A, (zy) +. .+ — A, (z„)+eto, 


-sA, (1)+5 Ar (2 . +E A, (m)+ote. 
by identity (a) paper III. 


stra, (aguas (Hee 2A, (mete, 


as A, (1), A, (2),., A, (r—1) all vanish from definition of A,. 
Equation (i), written in full, gives us 


£:=A, (1) ‘+A, (2). po (m) E ete. 


a= Ag (2): + As (8) - +. + Ãa (m). tete. 
a+! 
: (ir -- 1)! 


nel a" 
£57 A4 (n). H^ (n+ 1) + SEDI *A, (m) =r + eto, (i) 


We have now to express the coefficients of £,, fo," , £, in 
terms of the n—1 principal curvatures at O, u,, ug. " , Un- and 
their derivatives with respect to s. 


"A, (£) stands for (1, 3, ., r 11, 2, ,.0—1, e.] 
divided by (1, 9, ., r](1, 2, ., r-1] and 
U, 3, ..rl 1,2,..r-1, 2.) stands for | (1,1), (0,9,., (l, r-1), z. 
(2, 1), (8,9, ., (Q, r—- 1), «". 


% neyê bb bê 4b bb» ab III III 


(e, D, (r, 2), *. (r, r=), a"? 
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We have from the dofinitions of the principal curvatures | 
As (<u; , As (0) si, uy, Ay ety es 855». 
Ar () uj ug  u, 4. 5 An (n)5u, ug, -g Uapi 


go that we oan at once write down the first coefficient in each of 
ihe. expressions (ii). ~ 





Evidently A, (1) —(1, 13 : 


-f(2 y (4) e () Ps 
The second coefficients in (if) are obtained from the equations 
A, (2)-0 N e 
As (8) A's (2)+ u; Ay (2) 
Ay (4)7 A's (3)+ua Ag (8) 


A, (r* 1)— A', (r)+u,-ı Âr- (r) 


j 


AA" (n+1)-A'ãa (n) + a-ı An-ı (n) (iii) 
"Tho fırat is evident since A, (2) - (1, 2) + (1. 1) à 
- (1, 2)=} (L1)-0. The rest follow from the general formula (E,), 
| of paper III, viz., 
Al, (P)= Are (0). urt A^ PHI- Apa (P) urn 
| if we put r for p and observe that A,,, (r)-0. 
Similarly, the third coefficients in (ii) are obtained from 
Ay G9)- A^ B= A» (2) 
Ag (4)- A's (8)+uı A, (9) ug As (9) 


s 
T 


E 








È sene.eee. e... ......w ın...» ................. *......... 


Ast Wi jenê (n) + yg A n-a (n) - 4-1 A, (n) 
An n (n+2)= A’, (n+1)+us-ı Aner (n1) (v) 





252 GEOMETRICAL PAPERS 
and the fourth coefficients in (ii) are obtained from 
Ay (4) A', (3)—u, Ag (3) 

As (5)-A', (4)+uı A; (4)-ua As (4) 


PT TEC TOLLE ILE Lee ITTITITIIITTITTII) e... ....... 


As-1 (n+2)z A's-ı (+1) +tqeg Ano (+1) —u,4-4 Ay (n+1) 
As (n+38)=A!, (n+2)+ua-ı Any (442) (v) 


Tho above seta of equations (iv) and (v) are deduced from general 
formula (E,) by substituting suitable values for p and r, 


By continuing the above methods the coefficients of the expan- 
sions of £,, Êm: o Êa in powers of s can be calculated with facility 
as far as we desire, G, B. Mathews in the Quarterly Journal of 
Mathematics, Vol. XXVI (1893), pp. 27-30, has obtained by a different 
kind of analysis similar formulae for curves in three-dimensional 
space. 

The following tables which have been constructed by the above 
methods give the coefficients up to those of the ninth power of 4, 
For convenience of printing a, B, y, 5, e, 0, o, etc., have been substi- 
tuted for the principal curvatures tı. tg, tig. uç Ug, Ug, etc. 
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+ TSaa!282 
- 648 if 


+ 32a 88' 
llag" 
eg 


rr 

+ Wa! By,’ 
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+ 15083. 
—aftyti? 

8^ /91 
— 28494! 
+ Tatai 


+ 560a? ala! 
+ 420a2a/2 








| -28a1a" 


= 108aa'a.' * 
— 280a a'!'a!!! 


—210a'%a" 





r 


! et 1 
Haa. i 
Ne 
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— 210° 88" 


+ 329.70" 88" 
4j 105a 'a' g9) 


— 21a8^ 6 
| * 8598? 8'" 
+ 21028? 8' 8" 


+1404 85 8" 
4 8159/9? 5? 
— 42a'88 if 


—105a'8'g!| — laty | 


— 70a! gà 


+ 2102"? 8! 


— 105a" gg" 
= 9 10s" BB" 
+ 8547784 


— 140,85" | 
= 105a" g'? | 


oni tv 
m 


= 14a? *yy 
-14a31868'2 
- 28a2?a'8 


+ Ö3a'!8 — j 
— 2848 Dy + 602/89 ,/2 


- ida y| + 2240/8 Any! 
14259!!! + TTa'BB"y 

+ 85082 yy!" | + 5atgHy 
-TeBB'y* | + 105o" dy 
+ TOa BÉ" yy" | + 105a" gays 

+ 08a B^? | + 3507 92.2 


* 84995 Y | 

+ 21488''2 

+ 42a’ yy —Ta8*4* 58/ 
*31agB^y" —Taf — **— 

—-14a'8*y * — 

9| -7a'f521 | — Fa’ -*8 


£r (a£ + 2'an) + (—a°8—a589 +48 + 34/8! + Ba/8 af?) + 


¥s*/6! 


— 05/8? B' 


1548 'y* 
—100"By? 


+ a 9-252 











=a n 
-15a2a'8'! 
-81a2a"f! 
— Bda ag 
+ 1548* 8! 

— 16487" 
- Taal fj! 
— 164 afa! 
—004808'9" 
-15a8'1 


+ aã* 
-48a'38 
+ 6a'8> 


a 6049? p" 
- o Ag’? 
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-85a'*83 | 18a81y | + 70a! B3 yy! 
+ 85a' "BY | +114a8® Alyy + 1400/89 Bry? 
— 70083" + 21a* 8! + 50a 82 priy? | + 0a! d. 
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PARAMETRIC CO-EFFICIENTS IN THE DIFFERENTIAL 
GEOMETRY OF CURVES 


DY 
SYAMADAS MUKHOPADHYAYA. 


V. Parorat Directions AND Curvatores AT A SINGULAR POINT 
OF A CURVE IN AN N-8PACE." 





1. Nature and Conditions of Singularity. 


If zı: Za, ., z, be the n co-ordinates of a point P in an n-space, 
referred to any system of orthogonal axes and if zı. za... 2, be 
functions of a single parameter t, then the locus of P is a curve in 
an n-space, We shall suppose that at a given point P, the derivates 
of zı. tq, ., Za of any required order, with respect to f, exist. 

In general r +1 consecutive points on the curve at P will deter- 
mine an osculating r-apace. The osculating r-apace at P may happen 
to be stationary, that is, pass through r+2 consecutive points. The 
point P is in that case a singular point. The r'" curvature will 
vanish at P and the usual expressions for the higher principal 


Ê curvatures as also those for the direction cosines of the higher , 
principal axes at P will take indeterminate forms. It is the object 
of this paper to obtain determinate expressions for these. 

A Suppose the osculating r-space at P is stationary for a given 
" i value ofr. To illustrate our methods, which are quite general, we 
| will choose first some simple value ot r, say, r equal to 2. That is, 
i we will suppose the osculating plane at P to be stationary and con- 
te sequently the second curvature to vanish. | 
un The conditions that the osculating plane a& P may, be stationary 
jê | are obviously, 
k mí, M. mV | m0 () 
: zı" ^ eq!’ ^ 4 e, !! 
zi", ra"! li a 4 z, 


© From Bulletin, Calcutta Mathematica] Society, Vol. V, 1913, 
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Hence the matrix product, 

zy’, ze! a lev m | j zalê gl”), «> wal”) 
KE aW Sew za” | rı(?)+. zal) ++. z(*) 
Bi) an wa varî mU). walt) s> al") 


vanishes for all values of p, q, r. 
For this product we have adopted the notation 


[1,2,3 | pgr], 
so that we have 
(1,2,3, | p.q.r] =0. 


Similarly, as consequence of equations (i), 


zy, Bg wy Se! zii”) tl"), «+ tal”) 
zı a rg", ar QU zy(5))  za(!), +» zz) 
zı". Za, er Ba” zy) tg"), «+ xU) 
zal’), aol), «+ Eal) | (æ) Eal) es Zal’) 


or, in our notation, 
[1, 2. 3, | P, q. F, 1| —0, 


where p,q,r,5s are any positive integers. In fact, parametric 
co-afficients of the above type involving 1, 2, 3 in the same section, 
vanish. 

Further, if F be any function of the co-ordinates of P, the matrix 
product 


zı’ ê rq! TRA. £3, Ü zi(^), ze(*), ee z,(^), P(E) 
z,"U, zg", ., Ea” O S1.)  ag(*), ++ :zs(%, F(*) 
z" : £a" » B g,!", 0 zi("), tl"). . mat"), F(*) 


0, 0,  ..,0 Ll 1 #y i)i s) .. e(t. -F() 


for which we have adopted the notation 


[P, 9, r,ê | 1, 2, 3, r] 


type, involving 1, 2, 8 in the same section with E, will van igh. 
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Again if E be equal to one of the quantities zı, za, ., Za, the 
matrix product 

z^) aal) .. za(?) 0| [25 , zy, ov Bey PI 

zı('), zal), .. x9. 0| sy Wi sy Ma M 

zi(t), aah + m(^) 0| ley, ag, ., way FF 

0, 0, . O, 1| mU) zal), .. eal") FU 
which in our notation is 

(1, 2, 8, 1| p,q, r, F] 


will vanish, obviously. In fact, all mízed parametric co-efficients of 
the above type, involving 1, 2, 3 in the section which does not con- 
tain P, will vanish, provided F stands for one of the quantities 
Z1 Tg. s Zaye 


Also, if we remember that [1, 2, 3], [1, 2, 3, 1], ete, stand for 
square roob of 


[1, 2, 3 | 1, 2, 8]. [1, 2, 8,1 | 1, 2. 3, t], &c., 
we see that 
[1, 2, 3] 20 [1, 2, 8, 1] -0, &c. 


Hence we conclude that if the osculating plane at P be stationary, 
all parametric co-efficienta, pure and mized, involving the indices 
1, 2, 3 in one section, will vanish, provided F, when it occurs, stands 
for one of the quantities zı. To, ., Za, as will be the case in the 
following investigations. 

3. Formulation of the Problem. 


The direction cosines of the principal axes at any point P whose 
co-ordinates are Tj, Zg: . , Zu, are 


- eT (zı), Alta) ez) 
£s (zı), Salta), - + Sala) 


=e "-* we. eee 


E. î Aw (nis (za), + Asht), 

















262 GEOMETRICAL PAPERS 
where aile) = r1)" [1] standing for the positive square root of 


Ung? +ag! +. +2,!2, 


£ Alz) = | ur l ta | 

(ii) 
„ [ı. 2, 8| 1. 2,7,] 

As(zı) 573 a 


IL. 2. an | l, 2, + n=l, zi] 4 
on (zı) 1:2.» n] 1, 3, i, n=l :ٌ gs 


If the osculating plane at P be stationary we have 








[1. 2, 3] 0, [1, 2, 3, 4] 0, [1, 2, 311, 2, 24] 50. 
[1, 2, 8, 4 | 1, 2, 3, 2,] 0. &c. r 
Hence the direction cosines of the third and higher principal axes 
take indeterminate forms. We shall obtain determinate expressions 
for these direction cosines, namely, | 
| (2 m j 2, 4 5 ê 2, T | 
EM -. As (7 17, 2, 4][1. 2 hick 
" k ] 
X | - 1*9 
= which are obtained from (ii) by increasing all the indices, from 8 . 
E upwards, by unity. i i U 
aA Aguin the expressions for the principal curvatures uj, ug, us, ., gos T 
9 Uaj at P, are! ê 


Bulletin ©. M, 8:, Fel, Jı pepe 00. 
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If the osculating plane at P be stationary ug =0, and Uy, ui T 
tua-ı take indeterminate forms, We shall obtain determinate exprea- 


sions for uy, Ugs ., “"-ı, namely, = 
a du a4, jil 2] E. 
"90 [L2 4j*(1 7 
u — (2)? [ı. 2, 4, 5, 6][1, 2, 4] 
* 1i1 1, 2, 4, 5]? [1] 








+, 
u mai (n —3) {2 1l. 2,4,5, .. n* 1l [1, 2, 4, 5, „nml (e). 
l n-2In-4)1: TL, 2, 4, 5, ., n]?[1] 

which are obtained from (iv), by increasing all the numerical indices, E. 5 
from 3 upwards, by unity, and introducing a suitable numerical co- Xa 
efficient. Lo 
Ls 
3. Special Methods of Differentiation. "Ue 


We have already explained the principles on which parametric co- 

efficients are differentiated, The simple rule* is 2 
Increase all the numerical ‘indices, successively, by unity, and 

take the sum of the expressions thus obtained, the functionals, if any, 


` being left untouched. 
a Let D, placed before a parametric co-efficient, indicate diferen- . 
, tiation with respect to the parameter t, and D: placed inside the , 


_ brackets before some of the numerical indices in either of the two 
* sections of a parametric co-efficient indicate successive increase by 
E of the numerical indices which follow it in the section. 


Thus, D[1, 2, 3, 411, 2, 8, F] 
-[D+ 1,2, 8, 4 | 1ı, 2, 9, F]- [1 2, 3. 4 | D: 1, 2, 8, F) 
=f1, 2, 8; 5.J 1. 2, 3, F]-[1, 2. 3, 4| 1, 2. 4, F]. 


as the parametric co-efficient vanishes if two of the indices in the 

same section are alike. à; 
It may be observed that a formula, analogous to Leibnitz's for- 

mula for r' ^ differential co-efficient of the product of two functions, 


© Vids Bulletin O, M. 8., Vol. 1, page 237- 
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applies to the r‘" differential co-efficient of n parametric co-efficient, 
pure or mixed, looked upon as the product of its two sections. 
Thus, D"[1, 2, 8 | 1, 2, F] 
-[Dr: 1, 2, 8 |1, 2, F] 37r [D"-1: 1, 2,38) D: 1, 2, F] +o. 
D” [1, 2, 3]? -D* [1. 2, 3 | 1, 2, 3] 
=(Dr: 1, 2, 811. 2, 8] *r [D'7!:1,2, 8| D: 1, 2, 3] +c. 
Again, we may write 


D :1, 2, 8, 4, 5—1, 2, 3, 4, 6—0, if [1, 2, 3] 2 0, meaning thereby 
that a parametric co-efficient having as one of its sections D: 1, 2, 3, 
4, 5 will vanish, if [1, 2, 3] —0. 


In a similar sense, if [1, 2, 3] —0, 

D?; 1, 2, 8, 4, 5z D: 1, 2, 5, 4, 621, 2, 8, D: 4, 6=0. 
D3: 1, 2, 6. 4. 5= D: 1, 2, 3; D: 4, 6 

=1, 2, 8, D?: 4, 6+1. 2, 4. D: 4, 6 

=], 2, 4, 5, 6. 


In general D”: 1, 2, 8, ., p=0, if r be less than p—2 and 
D”: 1, 2, 3, ., p=1, 2,4, ., p+1, ifr=p—2, provided [1, 2, 3] —0, 
We will apply the above principles to calculate 
D’{I, 2, 3,.,p]1,2, 3, ..p—1, F] 
when F —z,, Za, ., or z, and [1, 2, 3]=0. 
We have D” [1, 2, 8, .. p | 1,2, 8, .. p-1, F] 
z[1,2,8..,, |D": 1,2,8,., p-1, F]+r(D:'1, 2, 8,., pi 


pr-!: 1, 2, 8, ., 2-1, FP) +" 1) (pe: 1,2, 8, , p 1D'73: 1,2, 8 
„ g81, F] + &o., —0, if r be less than 2p — 5. 


For, D”: 1, 2, 8, ., p vanishes if r be less than p-2, and D"':- 
1, 2, 8, .. p—1, F vanishes if r be less than p-3, and because the 
sum of the indices of D: in the two sections of each term is equal to 
r, one of the two sections will vanish in each term, if r be less than 













aA” 
(û 







4 
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If however, r be equal to 2p-5, there will be one term, — 


—§ 
S : —8)! [D^**; 1, 2, 3, aP | DP six 1, 2, 3, „i p-1, F] 
which will not vanish. ` 


Hence D'[1, 2, 8, ., p | 1, 2,3, p-1, E] ~0 or (p— = TT 


[1, 2, 4, .. p+1 | 1. 2, 4, a P, F] according as r is less or equsl to 
2p-5. (vi) 


2p — 4)! 
d ; i= | ê + 1]2 
D [1. 23, os p] D or 2) | 3) 1 [1, 2,4 (P 1] (víi) 


^ 


according aa r is less than or equal to 2p —4. 
Again, D'[1, 2, 3, ., p Í 1, 2 8, .. p-1, F]? 
=[1, 2,3, pl 1:2, 3, .. p-1, F] D'(1, 2,8, , | 1, 2, 8, ,p—-1, n MS 
F]+rD[1, 2, 3, , p | 1, 2,8, , p-1, p]D'7(1,2,8, .. p | 1,2, 8, " | E 
p-1,F] £Pe-0 D*(L 2,8, , p[1,28,. pol, E]D'* 


[1, 2, 3, by p | 1; 2, 3, p—L,E] + kc., 


=0 or [1, 2, 4, .. p- 1 |1, 2, 4, .. p, P]? (viii) 


according as r is less than or equal to 4p —10. 
Similarly, D" [1, 2, 8, ., p]?[1, 2, 8, .. q4]? Û 


(2p +2q—8)! | TANE A 4 7 112 
mo or d m Ec [i 2, 4... p+1] [1, 2 4 e gt ] 





according as r is less than or equal to 2p+2q-8 (iz) 
nz As a particular case of the above, we have 


le i. £ Sis 2, 3, ", p]+-0 or (4 ~i zek. | (1, 9, 4, : r p+1]4 


^ Tû 


Ming bar is n then or equal to 4p-8. 


d 


T Ks 





“Dam 

— xf t 
f, je 
e a + 
We. 
eee 

‘ees ui 

Xu — 

TRAL LIBRART 


CEN 


2€6 GEOMETRICAL PAPERS 
4. Demonstrations. 


Now we can evaluate the indoterminate expressions in (i) and 
(iv), when [1, 2, 8] =0, 


To evaluate A;(z)= Ue eur z JI 3i we have 

Uia ead? hc eal 

ÉL iens 2. Hu. 2. zı1? by (vit) and (viii), 
pem As fr HERK) JER) 


Bimilarly, to evaluate 






1. 2, 8, zı ] | 
123.471,23] Ye have 





61 
= 1, 2, 4, 5 þ1, 2, 4 z,]* 
(21) ' ni (1, 9, 4,511. 2, 4, z]? 
81 (1, 2, 4, 5]? (1, 2, 4]? (1, 2. 4, 5]? (1, 2, 4] 
by (viii) and (iz). 
Therefore. A, (zi) m Ut. = 45112 tE], ko., de. 


i, 2, 3, 4] [1,2 
1, 1 


j 8 , we have 


Next, to evaluate u , = 
4! s 
ı, 2, 3, 4]! D*[1.2,5, 4]® ami 2 4 5] 
Sara D*[1, 2, 3 ~ 4wm1,3,4] 2 
2 
m Hisî a Ha by (eli) and (z). 
— [1,2, 4, 5] [ı.a 
— ETOEX TOS , 2, 4)*[1) ` 
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Similarly, to evaluate u,_,=1: 







1, 2, * n-l 





(n — 8) !4 [1, 2, 4, ., n 1]? (1, 2, 4, ., »-1]* 


-T0n-3)106-4)ipr 
Therefore 


Uney = 





(n-3)12 
(n—2)! (n—4)! 





5. General Case when r=m—1. 


Next suppose that r=m—1, so that the osculating (m — 1)-spaee 
is stationary at P; consequently the m —1th curvature vanishes and 
[1. 2, ., mJ=0. The direction cosines of the mth and higher princi- 
pal axes become indeterminate in form as also the expressions for 
the mth and higher principal curvatures. We can however by adopt- 
ing the method of the foregoing articles obtain determinate expres- 
sions for the direction cosines of the mth and higher principal axes as 
also for mth and higher principal curvatures. 

The expressions for the direction cosines of the mth and higher 
principal axes are found to be 







1l, 2. + m-1, m+ 1 E12 PR + + nı ~1, 
| 1. 2, +. m=], m+] 1, 2. m m-1l 





4Salt))= 






E 2, Pan m=], m+ 1, m+2 1, 2, « m=], m+l, z 


ew (n) I, 2, + m=], m+ 1, m +2 1, 2, o mI, m+ 1 

















The methods of this paper can be easily extended to the case of 














PARAMETRIC CO-EFFICIENTS TN THE DIFFERENTIAL 
GEOMETRY OF CURVES 


BY 
SYAMADAS MUCEHOPADRYAYA, 


VI. On Nur PARAMETRIC Co-erricrents AND ÜSGULATING 
SpHenics TO A Curve IN AN N-Srace.* 


1. Let z,(r=1, 2, ., n) be the n co-ordinates of a point, referred 
to n mutually orthogonal axes in an n-space, which may be called 
the point z. If x depend on a single variable parameter t the locus 
of z will be in general a curve in the n-space, 

Suppose z,'" denote the p'^ derivative of z, with respect to f. 


Then 
Exz, cz, (0, (rm1, 2, ., n) 


has been called a parametric co-efficient of class I, It is symboli- 
cally indicated by (p. q), where p and q are positive integers. We 
will now introduce and interpret parametric co-efficients in which one 
or both of the indices p and q are zero. Such parametric co-effici- 
ents may be called nul parametric co-efficients. 


The parametric co-efficient (p, q) is evidently the limit of 
E(X, ~z,)'” (X, —2,)'€, (21, 2, ., n) 


when X-z, where X is a variable point on the curve in the neigh- 
bourhood of the fized point z. We will define the nul parametric 
co-efficients (o, p) and (o, o) as the limits of 


z(X,-z,) (X,—z, )'"and eX, -z,) (X, -z,) 
respectively, when X=z. 

As (o, p) and (o, o) are both constantly zero along the curve, their 
derivatives of any order with respect to ¢ are also zero. We may 
howover derive from each of them a set of functions by making the 
rules for differentiation of a parametric co-efficient when both indices 
are positive integers, also applicable to them. 


© From Balletin, Caleaite Mathematical Society, Vol. VII, 1915. 
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The rules for differentiating (p. q) give, as we know, 
(p, q 5 (p. q* 1) * (p* 1. q) 
(p, g) (p, q+r)+r (p+1. q*r—1) 
+ Vo+2, q+r-3)+...+(p+r, 4) 
We will define 
(o, Ph 7 (o, p* 1) + (1. p) — (1, p) 
(o, p), —(o, p*r) +r(l, p* r-1) c ——— F zi | po r—2) 
+... + (r. s 
=r(l, p*r-1)4 Camê (2, »+r-23)+...+(r, ) 
and (o, 0), =(0, 1)+ (1, 0)=0 
(o, 0)g = (0, 2)+2(1, 1)+ (2, 0) - 2(1. 1) 
(o, 0)3 (0, 8) + 3(1, 3) + 3(2, 1)+ (3, 0)=6(1, 2) 


See PSS eee Xx ê ê HÊ SSS SRS RSPR e ê n e Se HPSS Si dc ce SE 


(o, o), (0, 7) * r(1, r1) +) (2, r-2)+... + (r, 0) 


-2(1, r~ 1)+*"(r-2) (2, r-3)+... (i) 
It is evident from the definitions of (o, p), and (o, o),, that 
5 d \" un 
(o, p), =Ltx_,( dt ) s( x-z) (x-z) , (s=1, 2,., n) 


and (o, o), =Lty_,( E )s( X-z y. (471,2, „ + n) 


where X is a variable point in the neighbourhood of the fixed point z. 


In Paper III we have defined A, (p) and in Paper IV we have 
given n table of values of A, (p) as also thè method of calculating 
the table. In Paper III, equation (Cı), we have 


(p. 2) 7 A (p) A1 (qd) * Ag(p) Aala) t.t Ay (p) Ap (9) 
where p is a positive integer not less thang. Thus from the table of 
| values of a, (p) and equation (Cı) we can calculate (o, p), and 
Eos 0». 
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` 2, We will use the abbreviations w and w, for} (o, o) and - 
(o. o), and introduce on interesting co-efficient A, (w), which is 
defined equal to 


(1, 1), (1, 3), ... (1,771), wy | + (1. 2 ..r] [1 2, ., 7—1] 
(2, 1), (2, 2), . , (2, r-1), wy 

(ii) 
(r, 1), (r, 2), * og; (r, r—1), Ww, 


which may be more — written as 








Here it may be — Wy, Wy, ..., Wy are not successive "n 

derivatives of w with respect to £ but are derived from w in the - 

è manner already explained. In fact, we have by definition 
w,=r(l, r-1)+ "(~22 (2, r—2)+...+r(r—1, 1) 


we. =(r+1) (1, j+ Ete (1, r—1) +... + (r * 1) (r, 1), 
Therefore 
„r (1, +a, r—1)+...+r(r—1, 2) 





+r(2, r—1)+...+ (r—1, 2) * r(r, 1) " 


zr (1, r) + Cte, r-1)+...+ Deg, 2) + r(r, 1) 


a 


zw. ¬ (1, r) - (r, 1)2w,.—2(1, r) (ifi) 


"Thus the first derived of w, with respect to t is not w,,, but 
t0, , 1 -2(1, r). 

If wg, Wy ., w,,, were the firat derived of wz, . , w,, respec- 
tively, with respect to s then we could apply formula E of paper III, 
namely, 

At, (u) m Ars Q0). u,~Aa,-ı(i0). u-ı 

or apr (ı0) Aine) tAr (ır). ea ~ê —— (E) 

pt which we could successively and rapidly calculate A; (w), 
Ae): A Os (Ww) seer knowing 4) (w) and e (w). 








272 GEOMETRICAL PAPERS 


Fortunately, however, we can shew that Formula E holds even 
when wg, 105,., Wp, are not the successive derivatives of w,, wg, 
„ » Wp, respectively, but are defined in the way we have already done, 


We have 
Ar (û0) <6j Wy + cg t'a +... +c, w,, by (fi) 
where cı, Co... c, do not involve w., 
Therefore 
e£, (w)=c', Wy tole Wat... +o w, 

+ cı t'+ co Wat. Cr Wt, 
-0e'ı wo, Wot... tc’, Ww, 
+ gı WotCg Wa t... FC, Wert 
—2 c, (1, 1)-2 cg (l, 2)—...—2 c, (1, r) by (iii) 
= why tg Wot... te! Ww, 


TO; Wa tle Wat... +e, Wreg 
For, cı (1, 1) +e, (1, 2) t... c, (1, r) 


- (1, 1), (1, 2), . , (1, r—1), (L, 1) 
(2, 1), (2, 2), .. (2, r—1), (2, 1) 


+ [1, 2,., r] [L 2,., r—1] 








ja Y) (r, 2), .. (r.r-1), (r, | 


=0 by (fi) 
Thus A’, (w) would be obtained from 4, (w), if we simply wrote 
Ma, Wy, ., Wee, in the place of the first derived of Wy, Wars: W, 
with respect to s, in the process of differentiation. Formula E there- 
fore holds for A, (w) and enables us to calculate Ay(w), Alw), 
. Asiti)... from knowledge of A,(w) and z4(w). 
It may be observed that by Formula B, of Paper III we have 


j ^ wr (r)^ı(®)+ ar) qo) iii eun) u). 


Thus w, may be also calculated from tables of values of A, (p) - 
pad 4,(w). A table of values of A, (p) has been already given with 












kani 






f. 
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PaperIV, The mothod of working out a table of values for Ad) F 
wo proceed to consider, n 


We will take the variable parameter t to be the arc length s, 5 F E. 
so that [1] 51 where [1]- y 01) = y 3x7. E 
Now A(w)e T7 (vide Paper III, Arts. 1 and 2) 
(1, 1), w: 


, 4J, We 


and Zxg(w) = 





+ [1][1. 2-2 





For, w;=4(0,0), 23. 0=0 
w=} (0,0)g = (1,1) 1, 
= Q02)24 (11)'zo 
and u, (the first curvature) — Halê {1,2}. 


Therefore, A3(w) = &'a()+2^ı(ı). vı a (w). w 


rw 
:i u?” itip 


A4 (w)= erst teatro 


ê 235 J 


-ٌ ~ ti ıı; a + 2u jug + Mı uf au^, tujuga 
u51u?4u5 
end so on. 
3. An equation of the form 


SX, 7) «24,(X,-72,)) <o. (1.3, .. n) (Iu) 
—* what wo may call a general n-spheric through the point 

Then co-effcients will become determined if the n-spheric is 
Terzê to ) pass throughany additional n points which are independent. 





/ | Thus. en  n-spherio is uniquely determined by n+1 independent 


| how | po 


3, A system of such n-spherics will pass through +1 points 
Wharo ria lem than a. The common intersection of the system of 
-p! rics will bo an — through the r+1 given points, 


"v FN s ê 
“INEF, < „ 
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having its centre in the r-space determined by the r+1 given 
points. 


If z be a point on a curve in an n-space, the osculating 


n-spheric at z will pass through x and an additional n pointa on the 
curve, consecutive to r. Similarly the osculating r-spheric at z will 
pass through z and an additional r points (rZm) consecutive to z. 
The co-effcients A, are determined for the osculating n-spheric by 
differentiating (iv) with respect to t, n times successively, considering 
X variable and z constant, and then putting X=zx in the result of 
each differentiation. We thus obtain 


W1 +SA F A =0 


(v) 


w.+SA,2z,'V%=0 J 


The result of eliminating the n co-efficients A, between (iv) and 
(t) is 


S(X,-=z,)*, É(Xı-rı): 2(X 4 — 74) 81-70 2(X, — z,) =0 


w ,. w ıl ^ xale) ca (vi) 
Wa e 0E z” „ , ow 
Wt y : gU f zen? VÊN d 2, 


which is the equation of the osculating n-spheric to the given curve 
at x. 


If equation (vi) be referred to the n principal axes at z it takes 
the form 


-— (0096 | 28 ; IE - 0 
e A AO CC jo S. end 
| (vii) 
Ws » Ay (2 , A 9(2) : - i A (2) 


We ;owMO a wA) o. 2 ox 7 Aa) 
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a resulh which may be obtained by multiplying (vi) by 


1 û J Û: Za ts 0 

0 , Alz) ' A (T3) , - i Alta) 
0 Û &a(zı) ' A a(zo) û " , Aglz.) 
0 ' As) , Å nlg) ; , - A&w(zw) 


tide equation a Paper IIT. 

A A-transformation of the last n rows of (vii) gives 
nêba € X. BÊRIK ê aka lee hêka 
Aq(w) , 1 0 


A gw) , 0 Û l Û 





A, (w) , 0 , 0 Û . Û 1 
or SET—2£, A ılır)--26a& a(ır)--...--2ê„ A «(u') <o (viii) 

Hence the co-ordinates of the centre of the osculating n-spheric, 
referred to the n principal axes ab z, are 

& (to), A g(w),.... A (w) 

and the radius R, is given by 

R? =A; (w) + Ag (ı0 +... + Az (u), (iz) 
a solution which in point of completeness and elegance leaves apparently 
nothing to be desired. We have already shewn how to express with 
facility A,(w), Ag(w) &c. in terms of the principal curvatures ıı, us. 
&c. and their derivatives. 


4. The equations of the osculating r-spheric are obtained in the 
same way, They are 


Š (X,-a,)? , %(Xı-zı), 30 4)... 3X, 72) | -0 


Ww, ' z ' 2'a pee æ*. 

wy Û 2z? ı : a! "pp a". (z) 
; : ' ` Tn 

w, : z "o E zir) 


where r is less than n. 





ev v ze fa 
9M 
e sê, 
N 9 
ALA 
< «> 
TRAL LIBRART 


GEN 
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These equations include the equations of the osculating r-space 
at z, 
A,;—-2; _. Ag—zz 1 +» Kez, =0 (zi) 
uL A zs hus S.l 
E ss zs | z" 
a? ~y rin) jos zt 


of which the equations referred to the principal axes at z are 
Ens, =0 Û £-.—=0 , Û ' Ês =0 


for, the osculating r-spacə is the join of the first r prinoipal axes 
at z. 


If wo multiply (z) by 

1 | D.s.ng3a Ss o8 A jı * ^0 | (zii) 
0. Am). AC», - . Arle) 

O + As). Agí(n), >. ^. Wale 


D a t > # Û " 


0 i A(z), A, (x4) . ê i A (x) 


that is, if we multiply each determinant in (x) by the corresponding 
determinant in (zii) and take the sum of all the products, we have 


= Ü ê 2Ç ê 2ç P5954 2€ ٍ z- () (ziii) 
w ^» &;(1) % ZÛ + . 5. Alr) 
Wo Û AU) ê 2a (2) e = « dg (r) 


n " , ê , " » 


Wy 00) , al. 5 Za, (r) 
where S (7 has been written instead of & éj, as ê, <0 for 


ezr+4l , 2, M, 








ji” - | 
| “a Ê - » 
y 
5 — (xiii) we obtain by 2 — transformation of the last rom 
l? | Se e , . t , ê , 2ê "d: Te | 
: | Alw) i 1 Û 0 + ' ê 0 ail 
A i Zxglw) Û 0 i 1 H — i 0 À 
4c n . Û ù ù , ' . Êً 
a | Ap (wu) ' ü è 0 , - , 1 
E 
?»- 9 r 
S-25 a (w) ê (at) 

















which together with £,,, ~o , . +, ~o 
constitute the equations of the osculating r-spheric at z. 


We have therefore the co-ordinates of the centre of the osculating 
|.  rspheric, referred to principal axes at z, given by JT É | 


ZA (tv) . Zxg(w) Şî ^2 78 Alw) , I drug 0 
and the radius R, given by 
R*-A: (w) ta (w) +:.+ A. (w). 
We bave evidently 
Co Ro- Ba = a? (w). 
> 

Also because A,(w) .u,-4 = A'r- (w) + A+-a (0) - ts 

or, Zee) " r-l (ıe) ù > 7 Brey (ıe) Ant (w) „ Wp- 
TAI (ıe) è 2! -1(e) 


E We have, by putting successively r equal to 8, 4, .,r in the 
(above equation and adding, 


b E —— Alw). Ar- (ıe) „ Up=) — q(t) . 4, (ıo) e V3 





can. ange) + aao) = also) ta + Depot (6) A',-ı (o) 












Al ERN iur. urea =Ay (0) A'ı (ıo) + As(ı0) „ Aa (0) +. 
* A,-ı(t) Ala (w). 
But Bn nA? (w) + at (w) +. + At; (w) 
R,-, R',-ı ~n 4,(w) er-1 (w) „Urei > (zv) 
which measures the rate of variation of R,-ı . 


" 





J 


NUNT 





â om ^ 





CIRCLES INCIDENT ON AN OVAL OF 
UNDEFINED CURVATURE 


Bx 


8. MuxHoPADHYAYA (1930) 


1. Posilive sense on an oval, 


The elementary convex oval discussed in this paper will be 
supposed to be a continuous curve. It is described by a point P 
moving olways in the same sense, which will be called the positive 
sense, along the curve, 

A definite tangent will be supposed to exist at each point P of the 
oval V, The positive sense along the tangent agrees with the posi- 
tive sense along the oval. The oval lies on the positive side (right 
side) of each tangent, The tangent turns continuously on the posi- 
tive side as P moves along V in tho positive sense. 

Looked at from a point inside the oval, the positive sense along 
the oval is clock-wise. The same holds for a circle or any other 
oval in the same plane. : 

The oval will not be postulated to possess a definite circle of cur- 
vature at any point. 


2. Circles incident on the oval. 


A circle which passes through at least three definite points of V 
will be called a circle incident on V. 
A circle which passes through any three distinct points of V, is a 


circle incident on V. 


A circle which touches V at a point P and passes through another 
point. Q, distinct from P, is a circle incident on V, as the oval 


possesses a definite tangent at each point, 


nen 
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f A circle which touches as well as crosses V at P is a circle inci- 
T e ~ dent on V, as the circle will meet V. in at least one other definite 
n point, distinct from P. 

hi | A circle which passes through only two definite points of V will 


not be considered incident on V. Thus a circle which touches V 
| internally or externally, will not be considered incident on V, unless 
4 it meets the oval again at a different point. 


i 8. Incidence, contact and osculation, positive and negative. 


- If a circle C positively described, cross V nt P, passing from out- 
side to inside (or from inside to outside), but do not touch V at P, 

the circle C will be said to have an incidence +P (or—P) on V. 
If a circle C positively described, touch WV externally (or inter- 
nally), the circle C will be said to have incidences +P (or FP) on V. 

Incidences +P (or + P) are called contact + P (or—P) on V. 
| If a circle C positively described, touch as well as cross V at P, 
i from outside to inside (or from inside to outside), the circle C will 


‘a be said to have incidences TP (or P) on V. 


| i In the first case the circle C is also said to have contacts +P on 
j | V and in the second case contacts FP on V, Contacts +P (ort P) 
"I may again be called osculation + P (or— P). 

If a circle € touch V at P externally (or internally), passing 
Û | through four consecutive points at P, it will be said to have an oscu- 


lation +P (or* P) on V. Such circles will not be called incident on 
V, as of the four consecutive points only two count as definite, 
unless C has incidence on V again at some other point. 

iu Incidences P(1), P(2)...., P(r) of a circle C on V with alternately 
contrary signs, will be called successive if they are in positive order 
on V and other incidences besides these do not exist between P(1) 








and P(r). 
" | If P(1, P(2) .... P(r), continuing to be successive, attain a 
Y common limit, they become consecutive. 
s i 4, Upper and lower circles of curvatures, Possible circles of 
P curvature. 
A cirele whose radius is neither zero nor infinity will be called a 
proper circle. 


. At each point P of V we will suppose thai there existe a class of 
proper circles C (+ P) which touch V externally at P, and also a class 





E 
| 
e 
C. 
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le 
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of proper circles C (+P) which touch V internally at P. The former 
class will have a proper circle C (+P) as lower bound, which we 
will call the upper círele of curvature at P and the latter class a 


proper circle © (+P) as upper bound, which we will call the lower 
circle of curvature at P. 


We will suppose that there exists a proper circle C which is the 
upper bound of all upper circles of curvature and a proper circle € 


which is the lower bound of all the lower circles of curvature, The 
former will be called the upper bound of posaible circles of curvature 
and the latter the lower bound of possible círcles of curvature ot V. 


The radius of the former will be denoted by r and that of the latter 
by r. 


At each point P there will generally exist a third class of circles 
which touch V at P as well as cross it, either from outside to in- 
side or from inside to outside. In the former case the class will ba 
called one of positive osculation and in the latter case one of nega- 
live osculation and the point P will be accordingly called a point of 
positive oseulation or one of negative osculation. A point P cannot 
obviously be one of both positive and negative osculation. But it 
may so happen that osculating circles of neither kind is present at a 
given point. Such a point might be called a point of plus-minus or 
minus-plus osculation as the case may be. 


At a point of positive osculation P, there is a class of circles 
which have positive osculation on V. The upper bound of this elaas 
is the same as the circle of upper curvature at P. It is either a 
circle of positive oseulation or of plus-minus osculation. Similarly 
the lower bound of the class is the circle of lower curvature at P. 
It is either a circle of positive osculation or of minus-plus osculation, 


At a point of negative osculation P, there isa class of circles 
which have negative osculation on V. The upper bound of this class, 
which is the upper curvature at P, is either a circle of negative osou- 
lation or of plus-minus osculation. The lower bound of the class, 
which is the same as the lower curvature at P, is either a circle of 
negative osculation or of minus-plus osculation. 

Any circle of positive, negative, plus-minus or minus-plus oscula- 
tion is a possible circle of curvature of V, 


It is of interest to note that the upper curvature and the lower 
curvature at a given point P may be simultaneously a circle of 
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plus-minus ogculation and minus-plus oseulation. Such a point may 
be called bf-cyclic, 


If we define a possible circle of curvature as a circle which 
touches and crossea V. at the same point or fs the limit of a sequence 
of such circles at the same or differen! pointa, the existences of C 


and C as possible circles of curvature easily follows. 


A circle which touches as well as crosses V at P will be called a 
circle of proper osculation, which may be either of positive or of 
negative sign. 


5. Deflexton. Semi-oval, 


If P moves from a position L to a position M on V in the positive 
sense, it describes an arc which may be denoted by V(LM). The 
anglo through which the tangent to V at P rotates as P passes from 
Lto M, will be called the deflexion of V(LM), and denoted by 
d. V(LM). 


The angle supplementary to any angle PQR will be similarly 
denoted by d, PQR. 


If d. V(LM) be equal to two right-angles, the are V(LM) will be 
called a semi-oval, If d.V(LM) bo less (or greater) than two right. 
angles, the are V(LM) will be called less (or greater) than n semi- 
oval, A semi-oval is only a notation of convenience and does not 
imply necessarily n half-length of the oval. 


THEOREM I. 


If a circle C of radius r has successive incidences (—L, +M, 
- N) on V, where V(LN) does not exceed a semi-oval, then there 
exists an equal circle 'C, which has successive incidences. (*L/, =N) 
on V(LN), where C' (L'N) ia less than a semi-circle and I/ falls 
between Tı and M. 

The incidences (CL, + M) of C on V are supposed non-conse- 
cutive, as otherwise the theorem does not arise but the incidences 
(+ M, — N) may be consecutive, 

The are C(LN) may or may not exceed a semi-circle. In the 
former case another equal cirele C" may be shewn to exist which has 
successive incidences (—L, +M”, —N) on V(LN), such that C"(LN) 
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; in lena * a semicircle, having length conjugate to that of can 








T 





e Suppose X and X" are the base angles of C(LN) and C"(LN), 
respectively, where X and X" are supplementary, the former being 





obtuse and the latter acute. 
7 ~ e The tangents to V at L and N are either parallel or meet ab T, AN 
prs .. where T lies on the same side of LN as M. Denote the angles TLN ere 
E ^ and TNL by Y and Z, respectively. 
* M Then by hypothesis Z&X 2X". ‘Therefore the incidence of C" 
— ^ gi N is negative. | 



















Again, Y + Z8 X +X". Therefore, Y@X”. , 


Hence the incidence of C" at L is either of negative or ambiguous 
sign, 

In the former case, there exists on V(LN), between Land N, at 
least one positive incidence of C", If there exist more than one 
incidence of C" on V between L and N, take the last two incidences. 

In the latter case there may or may not exist any incidences of 
C" on V between Tı and N. Under the former contingency a positive 
incidence of C" on V nearest to N exists, between L and N, and 
under the latter contingency C" has incidences FL, and the theorem 
does not arise. 

. Thus the case in which C(LN) exceeds a semi-circle reduces to 
the case in which C(LN) is less than a semi-circle. We proceed to 
NE thia latter case, 


a + 
î eî 
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Consider the class of circular ares G of given radius r, each 
my individual G(X) of which passes through an interior point of C(LN) 
T PÊ and has its upper extremity at N and lower extremity at some point 
It X on LN between L and N. See Fig. 2. 


* C 








L 
| " | > Xx x ev 
u^ Fic. 2. 
" Each individual G(X) is less than a semi-circle, and is uniquely 


Gû determined by the point X. 

An individual G(X) will be considered of lower rank than another 
G(Y) if X is nearer to N than Y. 

The class G is divisible Dedekind-wise into two parts G(1) and 
G(2). The part G(1) consists of those individuals of G which meet 
ji V between L and M and the part G(2) consists of those individuals 
p of G which do not meet V(LM). 

* Each individual of G(1) is of higher rank than each individual of 
T G(2). It an individual of G belong to G(2), every individual of lower 
n "rank will belong to G(2). and if an individual of G belong to G(1) 
J every individual of higher rank will belong to G(I). An infinity of 
jh individuals belong to each of the classes G(1) and G(2). 
T A unique cut X' of LN, lying between L and N, therefore exists, 
ip | such that G(X’) is either the lowest of G(1) or the highest of G(2). 
"2 Obviously G(2) has no highest individunl, as if an individual belong to 
G(2) there exist always an infinity of individuals of higher rank which 
belong to G(2). Therefore G(X') is the lowest individual of G(1). 
| This individual G(X’) obviously touches V(LM) internally at one 
4 or more points L/, lying between L and M, and lies entirely within 
f- V(LN). If there is more than one point L/, choose the ono nearest 
to N. 
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Cor. Ifa circle C of radius r has successive incidences (+L, 
=M, +N) on V, where V(LN) does not exceed a semt-oval, then 
there exists on equal cirole ©’ which has successive incidences 
(+L, +N’) on V(LN), where C(LN’) ia lesa than a semi-circle and 
N! falls between M and N. 


THEOREM II. 


If a circle O of radius r has successive incidences (—L, +M, —N) 
on an oval V, where V(LN) does not exceed a semi-oval, then there 
existe an equal circle C* which has successive incidences (—L*, 
+N*) on V where L*, N* lie on V(LN), between L and N and 
C*(L*N*) ia lesa then û semi-circle. 

By Theorem I, an equal circle C! exists which is incident on 
V(LN) at successive points ( L', —N), such that C(L/N) is less than 
a semi-circle and L/ lies between L and M, 

Suppose H is the highest point of V(L'N) and XY a chord of 
V(L/N) parallel to L'N, where X lies on V between L/ and H. 

Then because V(L'N) is less than a semi-oval, XY is less than 
L'N. Produce XY to Z making XZ equal to L/N. Describe on XZ 
a circular are G(X) congruent to C'(L'N) on the side of XZ on 
which H lies. See Fig. 3. 

Then because XY is inclined to V at X at an angle smaller than 
that at which L/N is inclined at L'. G(X) will have incidence 
2X on V. As G(X) goes outside V at X and is also outside 
V at Z, it will either meet V at an even number of points, between 
X X and Y, or not meet V at all, 

The class G of circular ares G(X), therefore, fall into two 
divisions, G(I) and G (2), the former consisting of those individuals 
of G which meet V and the latter of those which do not meet 
V, between X and Z. 

Each individual G(X) of G is uniquely determined by the point 
X, whose position varies continuously on V between L/ and H, 
G(X) has a rank which ascends as X moves in the positive sense 
from L/ to H. 

We shall shew that 

(i) G(1) and G(2) both exist and are infinitely numerous. 

(ii) Each individual of G(2) is of higher rank than each 

individual of G(1). 
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(iij GQ) and Q(2) determino a Dede-kind section L* of | 
V(L/H), such that G(L*) belongs to G(1). ~ 
To prove that G(1) exists, take any point A on €" (L'N) bo- 








ie tween L/ and N and with A as centre describe a circle o of - 

E. e sufficiently small radius u such that c falls entirely within V(L/N). - . 

Ii ` Draw an equal circle c' wilh L’ as centre. Now if X fall within p 
- c', G(X) will obviously pass through an interior point of e and must, | ; 

| - consequently, in passing from X to Z meet V(L/N) at an even 

m. . number of points, An infinity of such points X on V(LH) can be E 

d selected as lie within c', See Fig, 3. i 

T- ê - : W J j y D 

u 

" 

— 

Y^ z 

va " 
— * i 

- F16,5. < 7 

"e — 

t. 3 

bê To prove that G(2) exixts, one has to notice that d.V(XY) x 

* continuously diminishes to limit zero as X moves from L/ to H, r+ R 
ba = and that d.G(X) is a constant which may be denoted by k. * 

pa Choose a position B for X such that d,V(XY) is less than $ k. 3i 

E. Then for any position of X between B and H, G(X) cannot meet - xn 

ka: V again. For the necessary and sufficient condition that a point — 
Ta P of V(XY) will fall within G(X) is. that d.(XPZ) is less than 4k. 

E. But d.(XPZ) < d.(XPY) < d. V.(XY) < 4k, by hypothesis. 

bn It is also seen that if G(X) belong to G(2) for a given position 

je. of X, it will belong to G(2) for all higher positions of X. 

I For if X’ be higher than X and Y', Z/ correspond to Y, Z and 


if P be any point on V(X'Y'), then d.(X'PZ/) is obviously less than 
d.(XPZ) and consequently lesa than dk. 

J Hence an individual of G(2) cannot have an individua! of G(1) - 

~ =  aboveit, thats, every individual of G(1) lies below every individual _ 
of G(R). 











i >... CH 4 - "7 uy TF 70832 " 

mre 

* T^. 
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EL Şi Consequently n Dede-kind section L* of V(I/H) lying — 
T ` L' and H, exists, such that either G(L*) da ho XW he or 
- highest of G(1). | e 
/ r a But obviously a lowest of G(2) does not exist, for if G(X) belong - 
E n.” to G(2), a lower individual G(X’) ean be found which also belongs 

| a to G (2). This follows from the principle of continuity and the 
E pty Pe fact thet if, for a point P on V(XY), d.(XPZ) i» less than 4k, 
Ny -^ then an X'lower than X exists, sufficiently near to X, such that 
" ry d.(X/P2’) continues less than jk, so that, above thé line XY, G(X) 
+ falls outside V(XY), and between the lines X'Y' and XY, G(X’) is 


also outside V as ax) has a negative incidence on V at X. 

- Hence G(L*) belongs to G(1) and is the highest of G(1). G(L*) 
will touch V(L,N) externally at one or more points N*, between 
L/ and N but otherwise lie entirely outside V, If not, an individual 


of G(1) higher than G(L*) would exist, If there are more than J 
one point N*, therone neareatto L* should be taken. ms 
- "Thus Theorem II is completely proved. — 
THEOREM 1II. | 


Ij a circle C have sucoesaine incidences (—L,+M) on V, where 

C(LM) does not ezceed a semi-circle, then an equal circle C' exista à v 
which has successive incidences (--L/, —M) on V, where L/ lies on | 
^V between L and M, and a third equal circle C" exists which has 
successive incidences ( —L/, +M") on V where M' dies on V between L/ 
and M, and .C(LM) >> C'(L'M) >> C"(L/M^). 
-— Qo prove the first part of the theorem, take any point X on 
LM, between Lı and M, Let G(X) denote the minor arc of an equal 
circle standing on XM. Evidently G(X) falis within C(LM), is 
less than C(LM), and has incidence —M on V. 

‘Consider the class G of individuala G(X) the rank of each 
individual being estimated by the distance LX. The individuals 
of class G fall into two divisions G(1) and Q(2), G(1) — 

of those individuals which do not meet V between X and M, 
and G(2) of those individuals which meet V between X and M 
necessarily at an even number of points. 

By the method of last theorem a Dede-kind section X' of LM, 
- between L and M, exista, such that G(X’) forming part of a circlo 

OP equal to C, touches V posse at one or'more points Ly, 
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between L and M, but otherwise lies entirely within F with the 
exception of the extremity M which lies on V. Evidently C(LM)> Fî 
G(X") > C'(L'M). 
To prove the second part, produce L/M to N, making L/N equal 
to the diameter of C, and on L/N describe the semi-circle C*(L'N), 


Produce the tangent to V at L/, positively, to meet C at P, See 
Fig. 4. 





Fic, 4. > 


d Take any point Q on V(PM), including P but excluding M. 
] The angle L'QM which is greater than the angle LQM, is obtuse, 
d Much more is the angle L'QN obtuse. Hence Q falls within 
C*"(L/N). Much more does V(L/M) fall within C*(L/N). 
i The circle C'(L'N) touches V internally at L’ and crosses out 
Vet M. The angle PL/M is acute, as C'(L'M) is less than a 
semi-circle. V(L'M) falls between C*(L'N) and C'(L/M). 





j Take any point Y on MN between M and N, and describe a 

? , minor circular arc of radius equal to that of C on L'Y. This arc 

* will fall between C*(L/N) and C'(L'M). Denote it by F(Y). 

ku Consider the class F of circular ares F(Y). Each individual 
: of F has incidence —L/ on V, Each individual F(Y) will have a 









rank estimated by the distance MY. The class F will have two 

| 5 divisions F(1) and F(2), F(2) consisting of those which do not meet 

i V between L/ and M and F(1) of those which meet V between L/ 

‘and M, necessarily at an even number of points. Each individual û 

_. of F(2) will have higher rank than each individual of F(1). 
From considerations, explained in the last theorem a Dede-kind 

‘seston Yê of MN existe batwown M anà N, such that FT) touches 
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V externally atone or more points M', between L/ end M, but 
otherwise lies entirely outside V, except at the extremity Li. 
If there is more than one point M’, we take the one nearest to L/. 
If F(Y*) belong to a circle C", then C" has successive incidences 
( — L/, +M) on K. 

Evidently C'(L'M)Z-C"(L/M'). For as M' falls within C(LM), the 
angle LM'M is obtuse and the angle L/M'M ia much more obtuse. 
Hence L'M' is smaller than L/M and therefore C"(L'M/) is smaller 
than C'(L/M ). 

Cor, No circle incident on an oval can be an absolute mazimum 
or an absolute minimum. 

For if C be a circle of radius r incident on V, then three 
successive incidences (—L, + M, — N) always exist, with at most two 
consecutive, such that V(LN) does not exceed a semi-oval, 

Therefore from Theorem II an equal circle C' exists which has 
successive incidences (—L/, 4: M') on V, such that C'(L/M') is less 
than a semi-circle, where L, L’, M', N are in order. 


Again from first part of Theorem III, another equal circle C" 


existe which has successive incidences ( FL", — M) on V, where 
L" lies between L' and M'. Take a point P on V between L” and 
M'. Then obviously the circle L'PM' has a radius greater than r and 
the circle L"PM"' has a radius smaller than r, and these are incident 


THEOREM IV. 


(a). Ifa elrcle C of radius r has successive incidences (—L,+M, 
—N)on an oval V and if. V(LN) do not exceed a semi-oval, then 
(hare exista on V(LN), between L and N, a point O at which a 

saibhir circle of negative osculation exists of radius r. 

(b), Ifa circle C of radius r has suctessive incidences (+L,—M, 
+N) on an oval V and if V(LM) do not exceed a semi-oval, then 
there exists on V(LN), between L and N, a point O, at which a 
possible circle of positive osculation exiats of radius r. 


fo prove (a) : 


Hy Theorem II, there existe a circle C* of radius r which has 
sucnessive incidences (- * X M*) on V(LN), where L, L*, M*, N 
aro in order and C*(L*M*) is less than a semi-circlo, 

By Theorem III, there exist circles C' and ©” of radius r 
whith have cuocessive incidences (*L/-—M*) and (L', + M'), 
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respectively, on V(L*M*) where L*, L', M', M* «sre in order Bid 
C*(L* M*) 3 C'(L'M*)» C"(L'M!. 


By repeated spplications of Theorem lll, we arrive ab two 
sequences of points’ L*, I/, L/^,..., Lı'2*',..., and M*, M', M", , 
M... the first in positive order and the second in negative order. 
on V, such that each point of the first sequence is below each point 
of tbe second sequence, and two diminishing sequencea of circular 
ares C'(L*M*), C"(L/M),.., COL, M). and” C'(L/M*), 
e'"(L"M^,..., CO *P(LIi^* P. M*),..., the former having incidences 
(-L*, + M*), (—L/, + M')..... (-L.'? + M!")..... and the latter 
incidences (* L/,—M*), (+L"”,—M’)...., (FLOD, =M oen. re 
spectively, on V. | 

The two sequences of points will have a common limit O. If not, 
suppose the first sequence has a limit O' and the second sequence a 
different limit O", O" being necessarily above O', 

The sequence of equal circles C*, C",.... CO"... having 
successive incidences (—L*, + M*), (—L/, +M)... (—L'™,M'™) 


respectively, on V, will tend to a limiting cirele Cœ), as n tends to 
v (infinity), which will have successive incidences (—O', +O’) en 
V and each circle of the sequence and consequently C(?9) will fall 
abore V(O'O"), between O! and O”. 

Similarly, the sequence of equal circles C', C',,.., Q'20* D... 
having incidences (+ L', - M*), (T L/, =M... (FLOD, - M'),.., 
respectively, on V, will tend, to a limiting circle C7**U, as n tends 
to w (infinity), which will have successive incidences (FO, — O^) on 
V and fall below V(O'O"), between Of and O”. 

"Hence two circles C99) and O@**" of equal radius z will pass 
through the same points O' and O" and have their minor aros 
different and on the same side of O' Or, which is impossible. | 

Hence O' and O” must coincide, at a single point ©. Thu» 
C) and C+D will become one circle having 
—) O on V, so that it is a possible circle of osculation at O, | 
rand negative sign, i 

Theorem IV(b) i» Proved exsetly in the samo Way. 

Cor, Ifa circle C of radius r haa osculation of a given 
point O on V, then there exísta at least another circle C! of th 
radius which has osculation of contrary — ⸗ 
different from O. 
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“Phe circle C will ‘meet V agsin in at least another point P, 
preceding O er-eucceeding O, such that V(PO) or V(0P) does noi 
exceed ñ semi-oval, Hence there exists a point O between O and P 
or between P and O, where an equal cirele C' * osculation pie 
contrary sign on V. - | Te 
THEOREM V. | x d 


r 
+. 


If a birele C of radius + be incident on on oval V, then — 
chista at least. two possible circlea of osculation of contrary signs 
which have the same radius r, 

Suppose first that € has only four — on F, pest 
-K.+L.-M,+ N, which are ail distinct. 

Thon of the two ares V(KM) and V(MK) at least. one will not 
exceed s semi-oval. Suppose V(KM) does not exceed a semi-oval. 
Then there exists a point O on V(KM) between K and M, witha - 
possible etrole of oseulation of radius r e» negative sign by Theorem 
IV (a). 

Similarly of the two arcs V(LN) and V(NL) at least one vill not 


exceed a sami-oval. Suppose V(LN) does not execed a semi-oval, ws 

Then thore exists on V(LN) between L and N, a point O with a > IND. 
possible cirele ef osculation of radius r and positive bign by Theorem | d 
VI (b). r A A 


The sume proof holds if one or both pairs of points ofincidence 
ate consecutive, or if three successive points of incidence are 
consecutive. “If all the four points. are consecutive, the — C 
censos to be an incident circle. ~ ù 

H V has more than four incidences and if we take any five euc- —— 





“coasive incidences, H, K, L, M, N, beginning either with a positive 


or with o negative incidence, at least one of the two arcs V(HL) or 
VLN) will bo less than a semi-oval, whence the theorem follows. 
` Cor. î, If rand r denote the lower and upper bounds of possible 
. "adi of curvature of V, and tj r be the radius of a circle of proper - 
 wiculation on V then f<r< B 


— The cirole of radius r — proper osculation on V is a circle 





* y. cwm qn by Theorem III, Cor. circles of radii 
rand exist, incident on V, such that r <r<r''. Buty! and r" 
are possil | radii of curvature by Theorem V. 





E temen | 
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Cor. ti. A circle of radius. r <S r will roll freely inside V, and V 
will roll freely inside a circle of radius r S r,” 

In the first case, the free rolling will cease to exist only if the 
circle in any position becomes incident on V and therefore, by Theo- 
rem V, an equal circle has proper osculation on V. But by the above 


corollary the radius of a circle of proper osculation on V lies between - 


r and r. Hence the circle of radius r = r which has in contact 


with V ab each point and incidence on V nowhere, will roll freely 
inside V 
‘Similarly, the oval V. will roll freely within * circle of radius 


r7 r. 


Cor. iii. There exiats at least two circles of proper osculation on 
V, one positive and the other negative, of any given radius r, where r 
lies between r and r. 

. Ifa circle of radius r roll freely inside V,,it has internal contact 
with V at every point P and consequently r is equal to or less than 
the radius of lower curvature at every point P. Hence r = r. 

Similarly if a circle of radius r roll freely outside V (enclosing V), 
it has external contact with V at every point P and consequently r 
js equal to or less than the radius of upper curvature at every point 


P. Hence r Sr. 


Therefore a circle C of radius r, where r lies between r and r, 


cannot roll freely inside or outside V (enclosing it). Hence C will 


become eventually incident on V, if an attempt is made to 


‘roll it inside. or outside V. Thus the corollary follows from the 
"Theorem V. 


Cor. iv. If the lower bound of possible radii of curvature of an 


oval V be equal to or greater than the upper bound of possible radii — 
of curvature of another oval V', then V! will roll freely within V. * 
` Tê V’ do not roll freely within V, then the two ovals will have a 


common incident circle and therefore a common radius of proper 


— | 
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osculation. Conversely, if they have a common radius of proper 
osculation they may be made to touch where they have equal cireles - 
of proper osculation, of contrary signs. They will necessarily cross 
each other at the point of contact and therefore cannot freely roll, 
one inside another. | 


Cor. v, Onan oval V there exist at least two points of positive 
osculation and two points of negative osculation of a circle equal to C, 
where C haa the same perimeter (area) aa the oval V.9 

Let C (P) denote a circle of radius equal to that of C which 
touches the oval V at a point P and lies on the oval.si ‘of th 
tangent at P, In no position of P can C (P) fall entirely Inside Sèr 
entirely outside V, as in the first case C (P) would have à less per > 
meter (area) than that of V, and in the second — roater perimete: 
(area) than that of V. pto 

For every point P, C (P) will S oe eir i 
Hence from Theorem V there exist at — 
C, one having a pösitive osculation end tha 9 
tion on V. E di 

Suppose M is a point of positive 
the point of F whick amet: 
and V(MN) are each. & aémioval - by 

The circle C(N) fae diolo incident on V. «It will therefore meet 
V again in tro oii P | 

| Foun). P, Q, N being succes- 

nci; Then of è4 triads of successive points P, 
r eh lying git V(MN), one is pre-positive and the 

| Ereê positive triad will give rise to a positive 
sle equal to C, lying on V(MN) between M 
a lie on V(NM), N, P, Q being successive, the 
TH E wii establish the existence of a positive point 
af ose E of a circle equal to C, lying on V(NM) between 


v | suppose P lies on V(NM) and Q on V(MN), the incidences Q, 


d A, P being successive. Then of the triads Q, N, N and N, N, P, 


one will be pre-positive and the other pre-negative. Hence another 


1; Cf. T. Hayashi, Some Geometrical applications of Fourier'a Series, Rendiconti, 
Palermo, Vol. 50 (1928), p. 100, where tha case of osculating circles of perimeter 


equal to that of the oval bas been considered, 
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- point of positive osculation of a circle equal to ©, will exist either 
“between Q and N or between N and P. 

The arguments will equally hold if P.and Q coincide, or one of 
_ them eoineide with N. 

Thus nb least two distinct points of positive osculation of a circle 
equal to C exist on V, Similarly it can be proved that at least two ` 
distinct points of negative osculalion of à circle equal to ÛC exist 


_ en F. 


for. vi. On am oval V, of conalant breadth, there exist al ltënat 
three pointa of positive osculation and three points of negative oscula- 
lion of a circle equal to C, whore C has the sama perimeter as the 
oral V.? 

In an oval V, of constant breadth 2a the perimeter is equal to that 
‘of scirgle C of raliùs a. Hence by preceding corollary there exist at 
Tenet four polate on V, two of each sign, where a circle of radius a | 
bas proper osculstion on V. Î | ( 

Tt may be observed tint if PP’ be a double normal of V, neces. 

- warily of length 2a, ther&.ülways exist two possible circles of oscula. 
tion, one at P and the other at P', the sum of whose radii is 2a. If — 
therefore. the radius of s possible circle of osculation at P be a, that 
of n corresponding circle of osculation at TV is also a. If the oscula- 
tion at P has à given sign, that at P! wil] bava-tbe contrary sigh. 

Let P be the point where a circle of. radiua a "has osculation of 
positiva sign on V. Then there exist at P' nn equal circle which has 
asculstion of negative sign on V. The circle C! an: PP’ epa, 
has at each of the points P and P' three consecutive 
V;.the first incidence at P being positive and the Inst incidence SAIL 
>. . dpegative. Between these two incidences there aro f an 
os ` ueidences of on V, nemely, P, P, P, P^. Sincê WCEP), is 
Ê | a semi-oval there will exiat, by Theorem V, two pointe M 
NS Nube pnd P', where n circle of radius a has id pobi- 

— 1 tive osculation, respectively, At the corresponding: pointa M! x 
og Ns & circle of radius. -a will have positive and negative c xoulation, 


 N'on V, at each of which « ¢ircle of 
"of positive sign st P, N, M' and of neş 
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Ij a circle © of radius r have 2n auceesaive ine «4 
*LU,—L?" on an oval V, then th ere taxist on 
distinct pointa each having a circle.of proper caçulation of radius and 
positive sign and an equal number of distinct points different Cê 
these «ath having a circle of proper oaculation of radius t d^ 
negative sign. * E b —* 

The incident eircle divides V into 2n — ares. V(I/L) — 
POL L')..,V(L?" L), Ti no two successive aros en e Qê A 
a eemi-oval, then there will exist in the interior of esoh of — 
PIL L”)... V(L@*- UL) & point with a cirole of proper osculation - 
of radius r aud positive sign, and in tbe interior of eash of the ares - 
V(L/ L/"^),..., V(L?" L/) a point with s eircle of proper oseulatlon... 
of radius r and negative sign, by Theorem V. — 

Ii the sum of certain pairs of successive arcs exceed a — " 
at most two such pairs can exist and these are obteined from three —- - 
successive arcs. ade succoively these two paire of aros ` % ` 
from our consideration we obtain n—1 distinct points of positive — 
osculation with radius r and an equal number of points of negative . 
osculation with the same radius. Hence the Theorem is proved. 
The above proof will equally hold if any pair or trind of successive: . 
incidende of ( on V aro consecutive. 
points are consecutive they will be azarê. | an 
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